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Òåîðèÿ ×åðíà-Ñàéìîíñà

Òåîðèÿ ×åðíà-Ñàéìîíñà � òðåõìåðíàÿ òîïîëîãè÷åñêàÿ
êâàíòîâàÿ òåîðèÿ ïîëÿ ñ ëàãðàíæèàíîì
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êîòîðûé íå çàâèñèò îò ìåòðèêè, ïðè ýòîì k � öåëîå.
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Ïîëèíîìû ÕÎÌÔËÈ-ÏÒ

Ñðåäíèå çíà÷åíèÿ ïåòåëü Âèëüñîíà â òåîðèè ×åðíà-Ñàéìîíñà
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ñîâïàäàþò ñ ïîëèíîìàìè ÕÎÌÔËÈ-ÏÒ
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Äåéñòâèå ×åðíà-Ñàéìîíñà âî âðåìåííîé êàëèáðîâêå

Âî âðåìåííîé êàëèáðîâêå A0 = 0 ëàãðàíæèàí ×åðíà-Ñàéìîíñà
(1) ñòàíîâèòñÿ êâàäðàòè÷íûì:

L̃CS =
k

4π
δab(Aa

1∂0Ab
2 −Aa

2∂0Ab
1) (3)

à ïðîïàãàòîð:

D(x , y) ∼ δ(x1 − y1)δ(x2 − y2)θ(x0 − y0). (4)
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R-ìàòðè÷íûé ôîðìàëèçì

Äâèæåíèÿ Ðåéäåìåéñòåðà:
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(5)

ãäåM1 =M⊗ 1,M2 = 1⊗M.
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Êâàíòîâàííàÿ óíèâåðñàëüíàÿ îáåðòûâàþùàÿ Uq(su(N))

Uq(su(N)) çàäàåòñÿ íàáîðîì 3(N − 1) ãåíåðàòîðîâ Ei , Fi ,
Ki = qhi (i = 1, . . . , (N − 1)), êîòîðûå óäîâëåòâîðÿþò
êîììóòàöèîííûì ñîîòíîøåíèÿì:

[hi , hj ] = 0, [hi ,Ej ] = aijEj , [hi ,Fj ] = −aijFj , [Ei ,Fj ] = δij
qhi−q−hi

q−q−1

è ñîîòíîøåíèÿì Ñåððà.
Êîíå÷íîìåðíûå íåïðèâîäèìûå ïðåäñòàâëåíèÿ Uq(su(N))
íóìåðóþòñÿ äèàãðàììàìè Þíãa {λ1, λ2, . . . λN−1}.
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Óíèâåðñàëüíàÿ êâàíòîâàÿ R-ìàòðèöà

R = Pq
∑

i,j a
−1
i,j hi⊗hj

−−→∏
β∈Φ+

expq
(
(q − q−1)Eβ ⊗ Fβ

)
, (6)

ãäå äëÿ Uq(su(3)):

P(x ⊗ y) = y ⊗ x ,
Φ+ � ïîëîæèòåëüíûå êîðíè : Φ+ = {α1, α1 + α2, α2},
Eα1

= E1, Eα2
= E2, Eα1+α2

= E12 = q−1E2E1 − E1E2,
Fα1

= F1, Fα2
= F2, Fα1+α2

= F12 = qF1F2 − F2F1,

expqA =
∑∞

m=0

Am

[m]q!q
m(m−1)/2.

(7)
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Óçëû-ìóòàíòû

K = F G

ìóòàöèè:

τ1(F ) = F , τ2(F ) = F , τ3(F ) = F
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Óçëû-ìóòàíòû ñ äîïîëíèòåëüíîé ñèììåòðèåé

K =
A

B
C K ′ =

B

A
C

äëÿ êîòîðûõ âûïîëíÿåòñÿ óñëîâèå:

A = A , B = B
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Âû÷èñëåíèå ðàçíîñòåé ïîëèíîìîâ óçëîâ-ìóòàíòîâ

H[4,2]
(1,3,3,−3,−3) −H

[4,2]
(1,3,−3,3,−3) =

2q−126(q2 − 1)18(q2 + 1)10(q4 + 1)4(q4 − q2 + 1)5

(q4 + q2 + 1)7(q8 + q6 + q4 + q2 + 1)3(q20 − q16 + q14+
q12 − q10 + q8 + q6 − q4 + 1)2(q20 + q18 + q16 + q14 + 2q12+
2q10 + 2q8 + q6 + q4 + q2 + 1)

(8)
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H[4,2]
(3,3,3,−3,−3) −H

[4,2]
(3,3,−3,3,−3) =

(2(q2 − 1)18(q2 + 1)10(q4 + 1)4(q4 − q2 + 1)5(q4 + q2 + 1)7

(q8 + q6 + q4 + q2 + 1)3(q20 − q16 + q14 + q12 − q10 + q8 + q6−
q4 + 1)2(2q84 − 2q82 − 2q80 + 5q78 − 5q76 − 2q74 + 14q72 − 14q70−
12q68 + 35q66 − 13q64 − 33q62 + 46q60 + 4q58 − 54q56 + 34q54+
24q52 − 49q50 + 15q48 + 18q46 − 37q44 + 19q42 + 15q40 − 39q38+
23q36 + 23q34 − 40q32 + 12q30 + 37q28 − 26q26 − 11q24 + 30q22+
q20 − 16q18 + 10q16 + 12q14 − 5q12 − 3q10 + 8q8 + 3q6 − 2q4+
q2 + 2)q−174

(9)
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R-ìàòðèöû â òðåõíèòåâûõ êîñàõ

R1 = R⊗ I , R2 = I ⊗R, R2 = UR1U†. (10)

Ïîëèíîì ìîæíî âû÷èñëèòü ïî ôîðìóëå:

HKT1⊗T2... = T̃rT1⊗T2...

∏
α

Rα, (11)

ãäå α ïðîáåãàåò âñå ïåðåñå÷åíèÿ â êîñå.
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Ãèïîòåçà î ñîáñòâåííûõ çíà÷åíèÿõ

Ñóùåñòâóåò áàçèñ, â êîòîðîì ìàòðèöû R1 è R2 áóäóò èìåòü
áëî÷íî-äèàãîíàëüíóþ ñòðóêòóðó:

R1;Q′k
= diag(λj1 , . . . λjaj ), R2;Q′k

= (UQ′k )†R1;Q′k
UQ′k . (12)

Óðàâíåíèå ßíãà-Áàêñòåðà:

R1R2R1 = R2R1R2 (13)

ìîæíî ïåðåïèñàòü ñëåäóþùèì îáðàçîì:

R1UR1U†R1 = UR1U†R1UR1U†. (14)

Ãèïîòåçà î ñîáñòâåííûõ çíà÷åíèÿõ: åñëè âñå ñîáñòâåííûå
çíà÷åíèÿ R-ìàòðèöû ðàçëè÷íû, òî îíè ïîëíîñòüþ îïðåäåëÿþò
ýëåìåíòû ñîîòâåòñòâóþùåé ìàòðèöû Ðàêà.
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Ãèïîòåçà î áëî÷íîé ñòðóêòóðå R-ìàòðèö

Áûëè ðàññìîòðåíû ìàòðèöû Ðàêà (äî ðàçìåðà 8× 8),
ñîîòâåòñòâóþùèå ïðåäñòàâëåíèÿì èç [2, 1]⊗3, [3, 1]⊗3, [3, 2]⊗3,
[4, 1]⊗3, [4, 2]⊗3 c ñîâïàäàþùèìè ñîáñòâåííûìè çíà÷åíèÿìè.
Ñîáñòâåííûå çíà÷åíèÿ R-ìàòðèö îïðåäåëÿþòñÿ
ïðåäñòàâëåíèÿìè Qi èç ðàçëîæåíèÿ T ⊗ T =

⊕
i aiQi è

ñîâïàäàþò â äâóõ ñëó÷àÿõ:

1 ai > 1 � êðàòíûå ñîáñòâåííûå çíà÷åíèÿ,

2 λQi
= λQj

, Qi 6= Qj � ñëó÷àéíî ñîâïàäàþùèå ñîáñòâåííûå
çíà÷åíèÿ.
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Ðåçóëüòàòû

Â ðåçóëüòàòå ñôîðìóëèðîâàíû ãèïîòåçû:

1 Ìàòðèöà R2 ìîæåò áûòü ïðåîáðàçîâàíà ê
áëî÷íî-äèàãîíàëüíîìó âèäó, åñëè ó íåå åñòü ïàðà ñëó÷àéíî
ñîâïàäàþùèõ ñîáñòâåííûõ çíà÷åíèé, à òàê æå 1 è 2 ïàðû
êâàòíûõ ñîáñòâåííûõ çíà÷åíèé äëÿ ìàòðèö ðàçìåðîì 6× 6

è 8× 8 ñîîòâåòñòâåííî.

2 Óãîë ïîâîðîòà â ñåêòîðàõ, ñîîòâåòñòâóþùèõ ñëó÷àéíî
ñîâïàäàþùèì ñîáñòâåííûì çíà÷åíèÿì, èç áàçèñà,
îïðåäåëåííîãî ìàòðèöåé Ðàêà, â áàçèñ, â êîòîðîì ìàòðèöà
áëî÷íî-äèàãîíàëèçóåòñÿ, ðàâåí ±π

4
.
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Ïðèìåð

R[4,3,2,2,1] = diag(qκ[4,2,2] , −qκ[4,2,1,1] , −qκ[3,3,2] , qκ[3,3,1,1]) =

diag(q−2, 1, 1, q2). (15)

Ñîîòâåòñòâóþùàÿ ìàòðèöà Ðàêà ïîâîðîòîì â ñåêòîðå 2− 3

ïðèâîäèòñÿ ê áëî÷íî-äèàãîíàëüíîìó âèäó:

U ′[4,3,2,2,1] =


q2

(1+q2)2
(
√
2q
√

1+q2+q4

(1+q2)2
0

1+q2+q4

(1+q2)2

−
√
2q
√

1+q2+q4

(1+q2)2
(−1−q4)
(1+q2)2

0

√
2q
√

1+q2+q4

(1+q2)2

0 0 1 0

1+q2+q4

(1+q2)2
− (
√
2q
√

1+q2+q4

(1+q2)2
0

q2

(1+q2)2

 .
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Äîêàçàòåëüñòâî ïåðâîé ãèïîòåçû

2× 2:

R1 =

(
λ

λ

)
= λ

(
1

1

)
, (16)

3× 3

R1 =

λ1 λ1
λ3

 , R2 =

a1 0 c1
0 a2 c2
c1 c2 c3

 (17)

YB12 = λ3c1c2 = 0. (18)
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�On the block structure of the quantum R-matrix in the
three-strand braid�, L.Bishler, An. Morozov, Sh. Shakirov,
A.Sleptsov, International Journal of Modern Physics A, Vol. 33, No.
17 (2018)
arXiv:1712.07034
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Ñïàñèáî çà âíèìàíèå!
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Ãèïîòåçà î ñîáñòâåííûõ çíà÷åíèÿõ

Åñëè âñå ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû R1

Q - ðàçëè÷íû, òî îíè
îäíîçíà÷íî îïðåäåëÿþò ñîîòâåòñòâóþùóþ ìàòðèöó Ðàêà UQ .
Íàïðèìåð,

R1

Q =

(
t1 0

0 t2

)
, UQ =

 1

t2−t1

√
t2
1

+1+t2
2

t1−t2√
t2
1

+1+t2
2

t1−t2
1

t1−t2

 (19)
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[2, 1]

size repr eigenvalues result blocks
multiplicity accidental

6 [5,3,1] λ1 = λ2 λ3 = λ4 + (3,3)

8 [4,3,2] λ4 = λ5, λ6 = λ7 λ2 = λ3 + (3,5)

9 [4,3,1,1] λ4 = λ5, λ6 = λ7 λ2 = λ3 -

[3, 1]

4 [4,3,2,2,1] λ2 = λ3 + (3, 1)

5 [4,4,2,2] λ1 = λ2 + (3, 2)

6 [4,3,3,1,1] λ1 = λ2 λ3 = λ4 + (3, 3)

9 [5,3,2,2] λ4 = λ5 λ2 = λ3 - -
[4,4,3,1] λ5 = λ6, λ7 = λ8 λ2 = λ3 + (3, 6)
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Íàáîðû ñîáñòâåííûõ çíà÷åíèé ó R-ìàòðèö:
1 âñå ñîáñòâåííûå çíà÷åíèÿ ðàçëè÷íû,

2 íåêîòîðûå ñîáñòâåííûå çíà÷åíèÿ ñîâïàäàþò èç-çà
êðàòíîñòè ( ai > 1 è/èëè bi > 1 â ðàçëîæåíèÿõ
T⊗2 =

⊕
i aiQi and T⊗3 =

⊕
i biQi ) −→ ïîâòîðÿþùèåñÿ

ñîáñòâåííûå çíà÷åíèÿ

3 íåêîòîðûå ñîáñòâåííûå çíà÷åíèÿ ñëó÷àéíî ñîâïàäàþò
(εQi

qκQi = εQj
q
κQj , íî Qi 6= Qj) −→ ñëó÷àéíî ñîâïàäàþùèå

ñîáñòâåííûå çíà÷åíèÿ,

4 åñòü êàê ïîâòîðÿþùèåñÿ (λ), òàê è ñëó÷àéíî ñîâïàäàþùèå
ñîáñòâåííûå çíà÷åíèÿ (µ), êîòîðûå íå ïåðåñåêàþòñÿ
(@ λi , µj : λi = µj),

5 åñòü êàê ïîâòîðÿþùèåñÿ (λ), òàê è ñëó÷àéíî ñîâïàäàþùèå
ñîáñòâåííûå çíà÷åíèÿ (µ), êîòîðûå òàê æå ìîãóò
ñîâïàäàòü ìåæäó ñîáîé (∃ λi , µj : λi = µj).
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Ïîëèíîìû ÕÎÌÔËÈ-ÏÒ â òåîðèè óçëîâ

Â òåîðèè óçëîâ ïîëèíîìû ÕÎÌÔËÈ-ÏÒ îïðåäåëÿþòñÿ ïðè
ïîìîùè ñêåéí-ñîîòíîøåíèé.

K ←→
�
�
��

@@

@@I K′ ←→
��

���

@
@
@I K′′←→ I �

AHK(A, q)− A−1HK
′
(A, q) = (q − q−1)HK

′′
(A, q). (20)

Âìåñòå ñ çàäàíèåì ïîëèíîìà ÕÎÌÔËÈ-ÏÒ ïðîñòåéøåãî óçëà
� íåóçëà

H0(A, q) =
A− A−1

q − q−1
(21)

ñêåéí-ñîîòíîøåíèÿ ïîçâîëÿþò îäíîçíà÷íî îïðåäåëèòü ïîëèíîì
ÕÎÌÔËÈ-ÏÒ ëþáîãî óçëà è çàöåïëåíèÿ.


