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Ââåäåíèå

Òåîðèÿ ×åðíà-Ñàéìîíñà [1] � òðåõìåðíàÿ òîïîëîãè÷åñêàÿ êâàíòîâàÿ òåîðèÿ ïîëÿ ñ
ëàãðàíæèàíîì

LCS =
k

4π
εijk
(
δabAai ∂jAbk +

2

3
λabcAaiAbjAck

)
, (1)

êîòîðûé íå çàâèñèò îò ìåòðèêè, ïðè ýòîì k � öåëîå.
Ýòà òåîðèÿ ïðåäñòàâëåò îñîáûé èíòåðåñ, ïîòîìó ÷òî ñâÿçàíà ñ äðóãèìè òåîðè-

ÿì ìàòåìàòè÷åñêîé ôèçèêè. Íàïðèìåð, åñëè ðàññìàòðèâàòü òåîðèþ ×åðíà-Ñàéìîíñà
íà ìíîãîîáðàçèè ñ ãðàíèöåé, òî îíà ïåðåõîäèò â äâóìåðíóþ ìîäåëü Âåññà-Çóìèíî-
Âèòòåíà. Áîëåå òîãî, äåéñòâèå ×åðíà-Ñàéìîíñà ìîæíî èñïîëüçîâàòü ïðè ïîñòðîåíèè
ìîäèôèöèðîâàííûõ òåîðèé ãðàâèòàöèè. Â äàííîé ðàáîòå îñîáîå âíèìàíèå óäåëåíî
ñâÿçè ñ òåîðèåé óçëîâ.

Ãëàâíûé èíòåðåñ â òåîðèè ×åðíà-Ñàéìîíñà ïðåäñòàâëÿþò ñðåäíèå çíà÷åíèÿ ïå-
òåëü Âèëüñîíà, âû÷èñëåííûå ïî êîíòóðàì â òðåõìåðíîì ïðîñòðàíñòâå:

〈Wk〉 =
1

Z

∫
[DA]Tr RPexp

∮
K

Adx

 e
i
~
∫
M
L[A]

, (2)

ãäå Z � ñòàòèñòè÷åñêàÿ ñóììà òåîðèè

Z =

∫
[DA]e

i
~
∫
M
L[A]

, (3)

K � êîíòóð (óçåë èëè çàöåïëåíèå), êîòîðûé âëîæåí â òðåõìåðíîå ìíîãîîáðàçèåM.
Ý.Âèòòåí ïîêàçàë [2], ÷òî ñðåäíèå çíà÷åíèÿ ïåòåëü Âèëüñîíà â òðåõìåðíîé òåîðèè
×åðíà-Ñàéìîíñà ñ ïîëåì A, ïðåîáðàçóþùèìñÿ ïî êàëèáðîâî÷íîé ãðóïïå SU(2), ðàâ-
íû ïîëèíîìèàëüíûì èíâàðèàíòàì � ïîëèíîìàì Äæîíñà � èç ìàòåìàòè÷åñêîé òåî-
ðèè óçëîâ. Ýòî óòâåðæäåíèå áûëî îáîáùåíî íà ãðóïïó SU(N) è ïîëèíîìû Õîñòå-
Îêíåàíó-Ìèëëå-Ôðåéäà-Ëèêîðèøà-Éåòòåðà-Ïðæòíöêîãî-Òðà÷óêà (ÕÎÌÔËÈ-ÏÒ) [3].
Ïîëèíîìû ÕÎÌÔËÈ-ÏÒ, êàê è òåîðèÿ ×åðíà-Ñàéìîíñà, ñâÿçàíû ñ äðóãèìè òåîðè-
ÿìè [4]-[8].

Óçëîì è çàöåïëåíèåì íàçûâàþòñÿ âëîæåíèÿ ñîîòâåòñòâåííî îäíîé èëè íåñêîëüêèõ
îêðóæíîñòåé â òðåõìåðíóþ ñôåðó.

Â òåîðèè óçëîâ ïîëèíîìû ÕÎÌÔËÈ-ÏÒ îïðåäåëÿþòñÿ ïðè ïîìîùè ñêåéí-ñîîòíîøåíèé.
Ñêåéí-ñîîòíîøåíèÿ óñòàíàâëèâàþò ñâÿçü ìåæäó ïîëèíîìàìè òðåõ óçëîâ/çàöåïëåíèé.
Íà ïëîñêîé äèàãðàììå âûáèðàåòñÿ íåêîòîðîå íàïðàâëåíèå, ïîñëå ÷åãî âûáèðàåòñÿ
ïåðåñå÷åíèå. Òðè ñðàâíèâàåìûõ óçëà ñîîòâåòñòâóþò çàìåíå äàííîãî ïåðåñå÷åíèÿ íà
ôðàãìåíòû

K ←→
�
�
��

@@

@@I K′←→
��

���

@
@

@I K′′←→I �

Ñêåéí-ñîîòíîøåíèÿ â ýòîì ñëó÷àå ãëàñÿò

AHK(A, q)− A−1HK
′
(A, q) = (q − q−1)HK

′′
(A, q). (4)
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Âìåñòå ñ çàäàíèåì ïîëèíîìà ÕÎÌÔËÈ-ÏÒ ïðîñòåéøåãî óçëà � íåóçëà

H0(A, q) =
A− A−1

q − q−1
(5)

ñêåéí-ñîîòíîøåíèÿ ïîçâîëÿþò îäíîçíà÷íî îïðåäåëèòü ïîëèíîì ÕÎÌÔËÈ-ÏÒ ëþáî-
ãî óçëà è çàöåïëåíèÿ. Ñðåäíèå çíà÷åíèå ïåòåëü Âèëüñîíà ñîâïàäàþò ñ ïîëèíîìàìè
ÕÎÌÔËÈ-ÏÒ, åñëè â ïîëèíîìå ñäåëàòü çàìåíó:

q = exp
(
k+N
4π

)
,

A = qN ,
(6)

ãäå k � êîíñòàíòà ñâÿçè òåîðèè ×åðíà-Ñàéìîíñà (1), N îïðåäåëÿåòñÿ êàëèáðîâî÷íîé
ãðóïïîé SU(N).

Ñ ôèçè÷åñêîé òî÷êè çðåíèÿ äëÿ âû÷èñëåíèÿ âèëüñîíîâñêèõ ñðåäíèõ êàæäîìó ïå-
ðåñå÷åíèþ íà äâóìåðíîé äèàãðàììå ñòàâèòñÿ â ñîîòâåòñòâèå îïåðàòîð � R-ìàòðèöà.
R-ìàòðèöà ÿâëÿåòñÿ îäíèì èç êëþ÷åâûõ ýëåìåíòîâ ïðè âû÷èñëåíèè ïîëèíîìîâ óçëîâ
â ìåòîäå Ðåøåòèõèíà-Òóðàåâà [9]. Ìîæíî ïîêàçàòü, ÷òî ïîëèíîì óçëà ìîæíî ïðåä-
ñòàâèòü êàê ïðîèçâåäåíèå R-ìàòðèö, ñîîòâåòñòâóþùèõ ïåðåñå÷åíèÿì íà äèàãðàììå
óçëà. Åñëè êàëèáðîâî÷íàÿ òåîðèÿ ñâÿçàíà ñ ãðóïïîé SU(N), ñîîòâåòñòâóþùàÿ åé
R-ìàòðèöà ñâÿçàíà ñ ãðóïïîé SUq(N).
R-ìàòðèöà îïðåäåëÿåòñÿ êàê ðåøåíèå óðàâíåíèÿ ßíãà-Áàêñòåðà:

(R⊗ I)(I ⊗R)(R⊗ I) = (I ⊗R)(R⊗ I)(I ⊗R), (7)

ãäå I � åäèíè÷íûé îïåðàòîð.
Îäíî èç ðåøåíèé ýòîãî óðàâíåíèÿ � óíèâåðñàëüíàÿ R-ìàòðèöà � èñïîëüçóåòñÿ

äëÿ âû÷èñëåíèÿ ïîëèíîìîâ ÕÎÌÔËÈ-ÏÒ. Îäíàêî, äî ñèõ ïîð ñóùåñòâóåò ìíîãî âî-
ïðîñîâ, ñâÿçàííûõ ñî ñâîéñòâàìè è âû÷èñëåíèåì ýòèõ ïîëèíîìîâ, îòâåòû íà êîòîðûå
÷àñòè÷íî ñâÿçàíû ñî ñâîéñòâàìèR-ìàòðèöû. Ýòèì ìîòèâèðóåòñÿ èçó÷åíèåR-ìàòðèö
è êâàíòîâûõ ãðóïï.

Ðàáîòà èìååò ñëåäóþùóþ ñòðóêòóðó. Â ãëàâàõ 1 è 2 ïðèâîäèòñÿ îáçîð òåîðåòè÷å-
ñêèõ îñíîâ äàííîé ðàáîòû. Â ãëàâå 3 îïèñûâàåòñÿ êëàññ óçëîâ-ìóòàíòîâ, êîòîðûå íå
ðàçëè÷àþòñÿ ïîëèíîìàìè ÕÎÌÔËÈ-ÏÒ â ôóíäàìåíòàëüíîì ïðåäñòàâëåíèè. Îäíîé
èç öåëåé äàííîé ðàáîòû áûëî âû÷èñëåíèå ïîëèíîìîâ ïàð òàêèõ óçëîâ â ðàçëè÷íûõ
ïðåäñòàâëåíèÿõ Uq(su(3)), ÷òîáû ïðîâåðèòü, êàêèå ïðåäñòàâëåíèÿ ðàçëè÷àþò äàí-
íûå óçëû. Â ãëàâå 4 ïîäðîáíî ðàññìàòðèâàåòñÿ ôîðìàëèçì âû÷èñëåíèÿ ïîëèíîìîâ
ÕÎÌÔËÈ-ÏÒ äëÿ óçëîâ, ïðåäñòàâëåííûõ â âèäå êîñû. Òàêîå ïðåäñòàâëåíèå îòêðû-
âàåò ìíîãî âîçìîæíîñòåé äëÿ èññëåäîâàíèÿR-ìàòðèö, ÷òî è áûëî ñäåëàíî. Áûëè íàé-
äåíû ïðåîáðàçîâàíèÿ, êîòîðûå äîïîëíèòåëüíî áëî÷íî-äèàãîíàëèçóþò R-ìàòðèöû.
Òàêæå ñôîðìóëèðîâàíû äâå ãèïîòåçû, êîòîðûå ïîçâîëÿþò óïðîñòèòü âû÷èñëåíèå R-
ìàòðèö â íåêîòîðûõ ñëó÷àÿõ. Äàëåå ïðèâåäåíû ìàòðèöû, êîòîðûå èñïîëüçîâàëèñü â
èññëåäîâàíèè.
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Îñíîâíûå ðåçóëüòàòû

Ðàáîòà ïðîâîäèëàñü â äâóõ íàïðàâëåíèÿõ. Ñ îäíîé ñòîðîíû èçó÷àëèñü ïîëèíîìû
óçëîâ-ìóòàíòîâ ñ äîïîëíèòåëüíîé ñèììåòðèåé â ïðåäñòàâëåíèè [4, 2] Uq(su(3)). Ðå-
çóëüòàòîì ÿâëÿþòñÿ âû÷èñëåííûå ïîëèíîìû, êîòîðûå ïðèâåäåíû â ðàçäåëàõ 3.1.1 è
3.1.2, è ðàçíèöû ìåæäó íèìè:

H[4,2]
(1,3,3,−3,−3) −H

[4,2]
(1,3,−3,3,−3) =

2q−126 (q2 − 1)
18

(q2 + 1)
10

(q4 + 1)
4

(q4 − q2 + 1)
5

(q4 + q2 + 1)
7

(q8 + q6 + q4 + q2 + 1)
3

(q20 − q16 + q14 + q12 − q10 + q8 + q6 − q4 + 1)
2

(q20 + q18 + q16 + q14 + 2q12 + 2q10 + 2q8 + q6 + q4 + q2 + 1)

H[4,2]
(3,3,3,−3,−3) −H

[4,2]
(3,3,−3,3,−3) =

(2 (q2 − 1)
18

(q2 + 1)
10

(q4 + 1)
4

(q4 − q2 + 1)
5

(q4 + q2 + 1)
7

(q8 + q6 + q4 + q2 + 1)
3

(q20 − q16 + q14 + q12 − q10 + q8 + q6 − q4 + 1)
2

(2q84 − 2q82 − 2q80 + 5q78 − 5q76 − 2q74 + 14q72 − 14q70 − 12q68 + 35q66−
13q64 − 33q62 + 46q60 + 4q58 − 54q56 + 34q54 + 24q52 − 49q50 + 15q48

+18q46 − 37q44 + 19q42 + 15q40 − 39q38 + 23q36 + 23q34 − 40q32 + 12q30

+37q28 − 26q26 − 11q24 + 30q22 + q20 − 16q18 + 10q16 + 12q14 − 5q12 − 3q10+
8q8 + 3q6 − 2q4 + q2 + 2)q−174

(8)

Ñ äðóãîé ñòîðîíû, èçó÷àëèñü R-ìàòðèöû â òðåõíèòåâûõ êîñàõ. Äëÿ R-ìàòðèö ñ
ñîâïàäàþùèìè ñîáñòâåííûìè çíà÷åíèÿìè áûëè ñôîðìóëèðîâàíû äâå ãèïîòåçû:

1. Ìàòðèöà R2 = U †R1U (ãäå R1 = diag(λ1, . . . , λn), U � ìàòðèöà Ðàêà)
ìîæåò áûòü ïðåîáðàçîâàíà ê áëî÷íî-äèàãîíàëüíîìó âèäó, åñëè åå ñîá-
ñòâåííûå çíà÷åíèÿ óäîâëåòâîðÿþò äâóì óñëîâèÿì: ÷èñëî ïàð ñëó÷àéíî
ñîâïàäàþùèõ ñîáñòâåííûõ çíà÷åíèé áîëüøå èëè ðàâíî ÷åì Na, ÷èñëî ïàð
ñîâïàäàþùèõ ñîáñòâåííûõ çíà÷åíèé áîëüøå èëè ðàâíî ÷åì Nr, ãäå:

• Na = 1, Nr = 0 èëè Na = 0, Nr = 1 äëÿ ìàòðèö äî ðàçìåðà 5× 5,

• Na = 1, Nr = 1 äëÿ ìàòðèö 6× 6,

• Na = 1, Nr = 2 äëÿ ìàòðèö 8× 8.

2. Äëÿ òîãî ÷òîáû áëî÷íî-äèàãîíàëèçîâàòü ìàòðèöó R2, êîòîðàÿ îïåðåäåëå-
íà ÷åðåç ìàòðèöó Ðàêà, åå íóæíî ïîâåðíóòü â ñåêòîðå ñî ñëó÷àéíî ñîâïà-
äàþùèìè ñîáñòâåííûìè çíà÷åíèÿìè íà óãîë ±π

4
.
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1 Êâàíòîâûå ãðóïïû è èõ ïðåäñòàâëåíèÿ

R-ìàòðè÷íûé ôîðìàëèçì, êîòîðûé èñïîëüçóåòñÿ äëÿ âû÷èñëåíèÿ ïîëèíîìîâ ÕÎÌÔËÈ-
ÏÒ, ñòðîèòñÿ íà îñíîâå òåîðèè êâàíòîâûõ ãðóïï è èõ ïðåäñòàâëåíèé. Êâàíòîâîé ãðóï-
ïîé íàçûâàþò êâàíòîâàííóþ óíèâåðñàëüíóþ îáåðòûâàþùóþ àëãåáðó Uh(g). Ïîýòîìó
â ñëåäóþùèõ ðàçäåëàõ áóäóò êðàòêî îïèñàíû óíèâåðñàëüíàÿ îáåðòûâàþùàÿ àëãåáðà
è åå êâàíòîâàííàÿ âåðñèÿ [20].

1.1 Óíèâåðñàëüíàÿ îáåðòûâàþùàÿ àëãåáðà

Îïðåäåëèì îñíîâíûå ñîîòíîøåíèÿ â êëàññè÷åñêîì ñëó÷àå.
Ïóñòü g � ïðîñòàÿ àëãåáðà Ëè ðàíãà r ñ êîðíåâîé ñèñòåìîé Φ. Îáîçíà÷èì ïîäìíî-

æåñòâî ïîëîæèòåëüíûõ êîðíåé ÷åðåç Φ+, à ÷åðåç n � ÷èñëî ïîëîæèòåëüíûõ êîðíåé,
∆ = {α1, α2, . . . αr}� íàáîð ïðîñòûõ êîðíåé, à α̌� ýëåìåíòû äóàëüíîãî ïðîñòðàíñòâà:

(α̌, β) = δαβ. (9)

(, ) � ôîðìà Êèëëèíãà.
Ïóñòü ýëåìåíòû {eα, fα, hβ : α ∈ Φ+, β ∈ ∆} � áàçèñ Êàðòàíà-Âåéëÿ àëãåáðû g.

Ìàòðèöà Êàðòàíà îïðåäåëÿåòñÿ êàê aαβ = 2(α, β)/(α, α). Äëÿ ïðîèçâîëüíîãî ýëåìåí-
òà γ èç ïîäàëãåáðû Êàðòàíà ìîæíî îïðåäåëèòü ñîîòâåòñòâóþùèé ýëåìåíò àëãåáðû
ñëåäóþùèì îáðàçîì:

hγ =
∑
α∈∆

hα(α̌, γ). (10)

Â ÷àñòíîñòè, äëÿ îïðåäåëåíèÿ R-ìàòðèöû íàì ïîíàäîáÿòñÿ ýëåìåíòû: hβ, β ∈
Φ+, è ýëåìåíò hρ, ãäå ρ � ïîëóñóììà ïîëîæèòåëüíûõ êîðíåé:

ρ =
1

2

∑
α∈Φ+

α (11)

Óíèâåðñàëüíàÿ îáåðòûâàþùàÿ àëãåáðà g ýòî ôàêòîð àëãåáðà òåíçîðíîé àëãåáðû
T (g) ïî äâóñòîðîííåìó èäåàëó, ïîðîæäåííîìó ñîîòíîøåíèÿìè x ⊗ y − y ⊗ x − [x, y]
∀x, y ∈ g

U(g) = T (g)/I, T (g) =
∞⊕
m=0

g⊗m, I = 〈x⊗ y − y ⊗ x− [x, y] | x, y ∈ g〉 (12)

Ñîãëàñíî òåîðåìå Ñåððà ýòà àëãåáðà ìîæåò áûòü îïðåäåëåíà êàê àëãåáðà, ñ 3r
ãåíåðàòîðàìè {eα, fα, hα : α ∈ ∆}, êîòîðûå ïîä÷èíÿþòñÿ ñëåäóþùèì ñîîòíîøåíèÿì:

[hα, hβ ] = 0, [hα, eβ ] = (α, β) eβ, [hα, fβ ] = −(α, β) fβ, [ eα, fβ ] = δαβ hα (13)

(ad eα)1− aαβeβ ≡
1−aαβ∑
m=0

(−)m
[

1− aαβ
m

]
e

1− aαβ−m
α eβ e

m
α = 0, α 6= β (14)

(ad fα)1− aαβfβ ≡
1− aαβ∑
m=0

(−)m
[

1− aαβ
m

]
f

1− aαβ−m
α fβ f

m
α = 0, α 6= β (15)
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Ýëåìåíòû

ep1
α1
...epnαn h

t1
β1
...htrβr f

s1
αn ...f

sn
α1
, αi ∈ Φ+, βi ∈ ∆, pi, ti, si ∈ N0

ôîðìèðóþò áàçèñ óíèâåðñàëüíîé îáåðòûâàþùåé àëãåáðû U(g).

1.2 Êâàíòîâàííàÿ óíèâåðñàëüíàÿ îáåðòûâàþùàÿ àëãåáðà

Ïóñòü h � ïðîèçâîëüíîå ÷èñëî, òîãäà êâàíòîâàííàÿ óíèâåðñàëüíàÿ îáåðòûâàþùàÿ
àëãåáðà Uh(g) îïðåäåëÿåòñÿ íàáîðîì 3 r ãåíåðàòîðîâ {hα, Eα, Fα, α ∈ ∆}, êîòîðûå
ïîä÷èíÿþòñÿ êîììóòàöèîííûì ñîîòíîøåíèÿì:

[hα, hβ ] = 0, [hα, Eβ ] = (α, β)Eβ, [hα, Fβ ] = (α, β)Fβ (16)

[Eα, Fβ ] = δαβ
qhαα − q−hαα

qα − q−1
α

(17)

è ñîîòíîøåíèÿì Ñåððà:

1− aαβ∑
m=0

(−)m
[

1− aαβ
m

]
qα

E
1− aαβ−m
α Eβ E

m
α = 0, α 6= β (18)

1− aαβ∑
m=0

(−)m
[

1− aαβ
m

]
qα

F
1− aαβ−m
α Fβ F

m
α = 0, i 6= j, (19)

ãäå èñïîëüçóþòñÿ ñëåäóþùèå îáîçíà÷åíèÿ:

[ n
m

]
q

=
[n]q!

[m]q! [n−m]q!
, [n]q! =

n∏
k=1

[k]q, [n]q =
qn − q−n

q − q−1
, è qβ = q (α,α)/2. (20)

1.2.1 Êâàíòîâàííàÿ óíèâåðñàëüíàÿ îáåðòûâàþùàÿ àëãåáðà su(3)

Â êà÷åñòâå ïðèìåðà çàïèøåì ñîîòíîøåíèÿ, ïðèâåäåííûå âûøå, äëÿ g = su(3). Uq(su(3))
èìååò 6 ýëåìåíòîâ E1, E2, F1, F2, K1 = qh1 , K2 = qh2 , êîòîðûå óäîâëåòâîðÿþò êîììó-
òàöèîííûì ñîîòíîøåíèÿì:

[hi, hj] = 0, [hi, Ej] = aijEj, [hi, Fj] = −aijFj, [Ei, Fj] = δij
qhi−q−hi
q−q−1 , (21)

ãäå a =

(
2 −1
−1 2

)
� ìàòðèöà Êàðòàíà, è ñîîòíîøåíèÿì Ñåððà:

E1E1E2 − (q + q−1)E1E2E1 + E2E1E1 = 0,
E2E1E2 − (q + q−1)E2E1E2 + E1E2E2 = 0,
F1F1F2 − (q + q−1)F1F2F1 + F2F1F1 = 0,
F2F1F2 − (q + q−1)F2F1F2 + F1F2F2 = 0.

(22)

6



1.3 Êîíå÷íîìåðíûå íåïðèâîäèìûå ïðåäñòàâëåíèÿ Uq(su(N))

Uq(su(N)) çàäàåòñÿ íàáîðîì 3(N − 1) ýëåìåíòîâ Ei, Fi, Ki = qhi .
Ïðè q 6= k

√
1 âñå êîíå÷íîìåðíûå íåïðèâîäèìûå ïðåäñòàâëåíèÿ Uq(su(N)) � ïðåä-

ñòàâëåíèÿ ñî ñòàðøèì âåñîì. Ýòî çíà÷èò, ÷òî ïðîñòðàíñòâî ñòàðøèõ âåêòîðîâ îäíî-
ìåðíî, à ïðåäñòàâëåíèå îïðåäåëÿåòñÿ äåéñòâèåì E, F è K íà ñòàðøèé âåêòîð v0.

Âñå êîíå÷íîìåðíûå íåïðèâîäèìûå ïðåäñòàâëåíèÿ Uq(su(N)) íóìåðóþòñÿ äèàãðàì-
ìàìè Þíãà � íàáîðàìè íåóáûâàþùèõ íåîòðèöàåòåëüíûõ öåëûõ ÷èñåë, ñîäåðæàùèõ
n− 1 ÷èñëî.

Ei è Fi � ïîâûøàþùèé è ïîíèæàþùèé îïåðàòîðû, à äåéñòâèå Ki îïðåäåëÿåòñÿ
äèàãðàììîé Þíãà {λ1, λ2, . . . , λN−1} (λN = 0):

Kiv0 = qλi−λi+1v0. (23)

2 Óíèâåðñàëüíàÿ êâàíòîâàÿ R-ìàòðèöà
Âî âðåìåííîé êàëèáðîâêå A0 = 0 äåéñòâèå ×åðíà-Ñàéìîíñà (1) ñòàíîâèòñÿ êâàäðà-
òè÷íûì:

L̃CS =
k

4π
δab(Aa1∂0Ab2 −Aa2∂0Ab1), (24)

à ïðîïàãàòîð ïðîïîðöèîíàëåí

D(x, y) ∼ δ(x1 − y1)δ(x2 − y2)θ(x0 − y0). (25)

Èç ýòîãî ñëåäóåò, ÷òî ñðåäíåå çíà÷åíèå ïåòëè Âèëüñîíà â ïðåäñòàâëåíèè % êàëèáðî-
âî÷íîé ãðóïïû G ðàâíî:

W%(C) = Tr%P exp

∮
C

Aµdxµ = Tr%P exp

∮
C̃

(Axdx+Aydy), (26)

ãäå C̃ � äâóìåðíàÿ ïðîåêöèÿ òðåõìåðíîãî êîíòóðà, ïî êîòîðîìó ïðîèçâîäèëîñü èí-
òåãðèðîâàíèå. Ñ äðóãîé ñòîðîíû, ýòî äèàãðàììà óçëà.

Îðèåíòèðîâàííàÿ äèàãðàììà óçëà åñòåñòâåííûì îáðàçîì ðàçáèâàåòñÿ íà ïåðåñå÷å-
íèÿ è íèòè, êîòîðûå ñâÿçûâàþò èõ ìåæäó ñîáîé. R-ìàòðèöà ñòàâèòñÿ â ñîîòâåòñòâèå
ïåðåñå÷åíèÿì, à ñâÿçè ìåæäó ïåðåñå÷åíèÿìè çàäàþòñÿ ñ ïîìîùüþ ìàòðèöûM [22]:

�
�

@
@
@
@R

�
�	

a b

c d

= (R)abcd

-

a b

= Ma
b

Êàê áûëî ñêàçàíî ðàíåå, óíèâåðñàëüíàÿ êâàíòîâàÿ R-ìàòðèöà ÿâëÿåòñÿ îäíèì
èç ðåøåíèé óðàâíåíèÿ ßíãà-Áàêñòåðà (7). Îíà îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì:
ïóñòü Eβ è Fβ, β ∈ Φ+ êîðíåâûå ýëåìåíòû Uh(g), òîãäà óíèâåðñàëüíàÿ êâàíòîâàÿ
R-ìàòðèöà � ýòî ýëåìåíò Uh(g)⊗ Uh(g):
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R = P̂ q

∑
α∈∆

hα⊗hα∨ →∏
β∈Φ+

expqβ
(
(qβ − q−1

β )Eβ ⊗ Fβ
)
, (27)

ãäå P̂ � ýòî îïåðàòîð ïåðåñòàíîâêè: P̂ a ⊗ b = b ⊗ a P̂ , à ñòðåëêà íàä ïðîèçâåäå-
íèåì îáîçíà÷àåò, ÷òî óìíîæåíèå ïðîèçâîäèòñÿ â ñëåäóþùåì ïîðÿäêå: βn, βn−1, ..., β1.
q-ýêñïîíåíòà îïðåäåëÿåòñÿ êàê:

expq(A) =
∞∑
m=0

Am

[m]q!
qm(m−1)/2

ÌàòðèöàM îïðåäåëÿåòñÿ ÷åðåç ýëåìåíò ρ (11):

M = qhρ . (28)

Â ñëó÷àå g = su(3) ôîðìóëû ïðèíèìàþò ñëåäóþùèé âèä:

R =Pq
2
3
h1⊗h1+ 1

3
h1⊗h2+ 1

3
h2⊗h1+ 2

3
h2⊗h2

expq((q − q−1) E1 ⊗ F1) expq ((q − q−1)E12 ⊗ F12) expq ((q − q−1)E2 ⊗ F2)
(29)

è

M = q(h1+h2). (30)

Âñåãî íà äèàãðàììå óçëà ìîæíî âûäåëèòü âîñåìü òèïîâ ïåðåñå÷åíèé è ÷åòûðå
òèïà ñîåäèíåíèé, êîòîðûå ñîîòâåòñòâóþò êîìáèíàöèÿì ìàòðèö R, R−1,M,M−1:

�
�

@
@
@
@R

�
�	

a b

c d

= (R1)abcd
�

�
�

�	

@
@

@
@R

a b

c d

= (R5)abcd

�
�
�
��@

@

@
@R

b d

a c

= (R2)abcd,
@
@
@
@R�

�

�
��

b d

a c

= (R6)abcd,

�
�

�
�	 @

@

@
@I

c a

d b

= (R3)abcd,

@
@
@

@I �
�

�
�	

c a

d b

= (R7)abcd,

@
@

@
@I

�
�

�
��

d c

b a

= (R4)abcd,

�
�
�
��

@
@

@
@I

d c

b a

= (R8)abcd,
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-

a b

= Ma
b

-

a b

= (M−1)ab

�

b a

= Ma
b

�

b a

= (M−1)ab

R1 = R, R5 = R−1,
R2 = (1⊗M)R(M⊗ 1)−1, R6 = (1⊗M)R−1(M⊗ 1)−1,
R3 = (M⊗ 1)−1R(1⊗M), R7 = (M⊗ 1)−1R−1(1⊗M),
R4 = (M⊗M)R(M⊗M)−1, R8 = (M⊗M)R−1(M⊗M)−1.

(31)

2.1 Ñîáñòâåííûå çíà÷åíèÿ R-ìàòðèöû
Â òåîðèè ×åðíà-Ñàéìîíñà ïîëåAµ ïðåîáðàçóåòñÿ ïî ïðåäñòàâëåíèþ T ãðóïïû SU(N).
Äëÿ âû÷èñëåíèÿ ïîëèíîìîâ ÕÎÌÔËÈ-ÏÒ, íåîáõîäèìî èñïîëüçîâàòü êâàíòîâàííóþ
âåðñèþ � àíàëîãè÷íîå ïðåäñòàâëåíèå êâàíòîâàííîé óíèâåðñàëüíîé îáåðòûâàþùåé
Uq(su(N)). Ýòî ïðåäñòàâëåíèå ñòàâèòñÿ â ñîîòâåòñòâèå íèòÿì óçëà (â ñëó÷àå çàöåïëå-
íèé, ðàçíûì ýëåìåíòàì çàöåïëåíèÿ (ñâÿçàííûì) ìîæíî ïðèïèñûâàòü ðàçíûå ïðåä-
ñòàâëåíèÿ). R-ìàòðèöà ïðè ýòîì äåéñòâóåò íà òåíçîðíîå ïðîèçâåäåíèå ïðåäñòàâëå-
íèé, êîòîðûå ñîîòâåòñòâóþò ïåðåñåêàþùèìñÿ íèòÿì.

Â îáùåì ñëó÷àå âåêòîðà íåïðèâîäèìîãî ïðåäñòàâëåíèÿ Qk (Ti ⊗ Tj =
⊕

k akQk)
ÿâëÿþòñÿ ñîáñòâåííûìè âåêòîðàìè R-ìàòðèöû. Ýòî ñëåäóåò èç òîãî, ÷òî R-ìàòðèöà
êîììóòèðóåò ñ êîïðîèçâåäåíèåì. Ïîêàæåì ýòî. Ïîñìîòðèì, êàêR-ìàòðèöà äåéñòâóåò
íà âåêòîðà vi è uj äâóõ íåïðèâîäèìûõ ïðåäñòàâëåíèé Q1 è Q2 (dim(Q1) < dim(Q2)).
v1 è u1 � ñòàðøèå âåêòîðà Q1 è Q2, E è F � ïîâûøàþùèé è ïîíèæàþùèé îïåðàòîðû.

Rv1 =
∑dim(Q1)

i=1 aivi +
∑dim(Q2)

j=1 bjuj,

ERv1 =
∑dim(Q1)

i=2 aivi−1 +
∑dim(Q2)

j=2 bjuj−1

(32)

Ñ äðóãîé ñòîðîíû,
ERv1 = REv1 = 0 (33)

Ïîëó÷àåì, ÷òî ai = bj = 0 äëÿ i = 2, . . . , dim(Q1), j = 2, . . . , dim(Q2) è òåïåðü Rv1 =
a1v1 + b1u1.

(F )dim(Q1)Rv1 = b1udim(Q1)+1 = R(F )dim(Q1)v1 = 0⇒ b1 = 0⇒ Rv1 = a1v1 (34)

Äåéñòâóÿ íà ýòî âûðàæåíèå ïîâûøàþùèì îïåðàòîðîì, ìîæíî ïîêàçàòü ÷òî

Rvi = a1vi. (35)

Àíàëîãè÷íàÿ ïðîöåäóðà ìîæåò áûòü èñïîëüçîâàíà äëÿ òîãî ÷òîáû ïîêàçàòü, ÷òî ýòî
ñïðàâåäëèâî äëÿ âñåõ íåïðèâîäèìûõ ïðåäñòàâëåíèé.

RQi = λiQi. (36)

Ñîáñòâåííûå çíà÷åíèÿ R-ìàòðèö áûëè âû÷èñëåíû â îáùåì ñëó÷àå [35, 36] è ðàâ-
íû:

λi = εQiq
κQi , (37)
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ãäå κQi =
∑

(m,n)∈Qi(m− n) îáðàç êâàäðàòè÷íîãî îïåðàòîðà Êàçèìèðà â ïðåäñòàâëå-
íèè Qi, εQi = ±1 â çàâèñèìîñòè îò òîãî, ïðèíàäëåæèò ëè Qi ê ñèììåòðè÷íîìó èëè
àíòèñèììåòðè÷íîìó êâàäðàòó T .

Ñóùåñòâóåò ïÿòü âîçìîæíûõ íàáîðîâ ñîáñòâåííûõ çíà÷åíèé R-ìàòðèö:

1. âñå ñîáñòâåííûå çíà÷åíèÿ ðàçëè÷íû,

2. íåêîòîðûå ñîáñòâåííûå çíà÷åíèÿ ñîâïàäàþò èç-çà êðàòíîñòè (êîãäà ai > 1 è/èëè
bi > 1 â ðàçëîæåíèÿõ T⊗2 =

⊕
i aiQi è T⊗3 =

⊕
i biQi) −→ êðàòíûå ñîáñòâåííûå

çíà÷åíèÿ

3. íåêîòîðûå ñîáñòâåííûå çíà÷åíèÿ ñëó÷àéíî ñîâïàäàþò (εQiq
κQi = εQjq

κQj , íî
Qi 6= Qj) −→ ñëó÷àéíî ñîâïàäàþùèå ñîáñòâåííûå çíà÷åíèÿ,

4. åñòü êàê êðàòíûå (λ), òàê è ñëó÷àéíî ñîâïàäàþùèå ñîáñòâåííûå çíà÷åíèÿ (µ),
êîòîðûå íå ñîâïàäàþò ìåæäó ñîáîé (@ λi, µj : λi = µj),

5. åñòü êàê êðàòíûå (λ), òàê è ñëó÷àéíî ñîâïàäàþùèå ñîáñòâåííûå çíà÷åíèÿ (µ),
êîòîðûå ñîâïàäàþò ìåæäó ñîáîé (∃ λi, µj : λi = µj).

3 Óçëû-ìóòàíòû

Ñðåäè ìíîæåñòâà óçëîâ [29], ñóùåñòâóåò ãðóïïà óçëîâ, êîòîðûå íå ðàçëè÷àþòñÿ ïîëè-
íîìàìè ÕÎÌÔËÈ-ÏÒ, âû÷èñëåííûìè â ôóíäàìåíòàëüíîì ïðåäñòàâëåíèè Uq(su(N)).
Òàêèå óçëû îáðàçóþò ïàðû è íàçûâàþòñÿ óçëàìè-ìóòàíòàìè.

Åñëè óçåë K ìîæíî ðàçäåëèòü íà äâå îðèåíòèðîâàííûå ÷àñòè F è G

K = F G

ñ ïîìîùüþ çàìåíû F íà F ′ = τi(F ) ìîæíî ïîëó÷èòü íîâûé óçåë K ′

τ1(F ) = F , τ2(F ) = F , τ3(F ) = F ,

Ëþáîé èç òðåõ óçëîâ

K ′ = τi(F ) G
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íàçûâàþò ìóòàíòîì óçëà K, à îïåðàöèè çàìåíû τi(F ) íàçûâàþò ìóòàöèÿìè.
Ñàìûé èçâåñòíûé ïðèìåð óçëîâ-ìóòàíòîâ � äâà óçëà ñ 11 ïåðåñå÷åíèÿìè: óçåë

Êîíâåÿ è óçåë Êèíîøèòà-Òåðàñàêè, èõ îáîçíà÷àþò C è KT :

C = KT =

Îñîáûé èíòåðåñ ê óçëàì-ìóòàíòàì îáîñíîâàí òåì, ÷òî îíè íå ðàçëè÷àþòñÿ ïîëè-
íîìàìè ÕÎÌÔËÈ-ÏÒ íå òîëüêî â ôóíäàìåíòàëüíîì, íî è â ëþáîì ñèììåòðè÷åñêîì
ïðåäñòàâëåíèè Uq(su(N)).

Åñëè äîáàâèòü äîïîëíèòåëüíóþ ñèììåòðèþ è ðàññìîòðåòü äâà óçëà

K =
A

B
C K ′ =

B

A
C

äëÿ êîòîðûõ âûïîëíÿåòñÿ óñëîâèå:

A = A , B = B

òî ïåðâîå ïðåäñòàâëåíèå, êîòîðîå ðàçëè÷àåò ýòè óçëû � [4, 2] [18].

3.1 Âû÷èñëåíèå ïîëèíîìîâ óçëîâ-ìóòàíòîâ â ïðåäñòàâëåíèè
[4, 2] Uq(su(3))

Äëÿ âû÷èñëåíèÿ ïîëèíîìîâ óçëîâ-ìóòàíòîâ áûëè âû÷èñëåíû ìàòðèöû R èM. Äëÿ
ýòîãî áûëè ïîñ÷èòàíû ýëåìåíòû Uq(su(3)) Ei, Fi è hi:

1. Íà îñíîâå êîììóòàöèîííûõ ñîîòíîøåíèé (21) áûë ïîñòðîåí ìîäóëü Âåðìà (îí
ñîäåðæàë 251 âåêòîð)

2. Èñïîëüçóÿ ñîîòíîøåíèÿ Ñåððà (22), ìû óìåíüøèëè êîëëè÷åñòâî âåêòîðîâ äî 55

3. Áûëà ïîñòðîåíà ìàòðèöà ñêàëÿðíûõ ïðîèçâåäåíèé äëÿ ñîîòâåòñòâóþùèõ âåê-
òîðîâ, ÷òî ïîçâîëèëî íàì âûäåëèòü 27 áàçèñíûõ âåêòîðîâ ïðîñòðàíñòâà ïðåä-
ñòàâëåíèÿ
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4. Ýòî äàëî âîçìîæíîñòü ïîñòðîèòü ìàòðèöû îïåðàòîðîâ Ei, Fi è hi.

ßâíûé âèä îïåðàòîðîâ ïîçâîëèë âû÷èñëèòü ìàòðèöû R èM.

Äàëåå ïðèâåäåíî äåòàëüíîå âû÷èñëåíèå âûðàæåíèé äëÿ ïîëèíîìîâ äâóõ ïàð óçëîâ-
ìóòàíòîâ, êîòîðûå ðàçëè÷àþòñÿ ïðåäñòàâëåíèåì [4,2], íî ïðè ýòîì íå ðàçëè÷àþòñÿ
ïðåäñòàâëåíèÿìè ìåíüøåé ðàçìåðíîñòè.

3.1.1 (1, 3, 3,−3,−3) è (1, 3,−3, 3,−3)

Ýòè óçëû ñîäåðæàòü âåðòèêàëüíûå àíòèïàðàëëåëüíûå êîñû, êîòîðûå ìû îáîçíà-
÷èì êàê R3,2,3 è R7,6,7:

�
�
�

@@

@@

�
�
�

@@

@@

�
�
�

@@

@@

? 6

6 ?

R3

R2

R3

d c

b a

��

��@
@
@

��

��@
@
@

��

��@
@
@

? 6

6 ?

R7

R8

R7

d c

b a

(R3,2,3)abcd = (R3)akbl(R2)nlmk(R3)mcnd, (38)

(R7,6,7)abcd = (R7)akbl(R6)nlmk(R7)mcnd. (39)

Ñòðóêòóðó ýòèõ óçëîâ ìîæíî èçîáðàçèòü â ñëåäóþùåì âèäå:

� @

@ �

R3

� @

@ �

A

� @

@ �

B

� @

@ �

C

� @

@ �

D

�
M

�
M

�

M−1

�

M−1

�

M−1

�
M

�
M

�

M−1

-
M−1

-

M
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Â óçëå (1, 3, 3,−3,−3): A = R3,2,3, B = R3,2,3, C = R7,6,7, D = R7,6,7.
Â óçëå (1, 3,−3, 3,−3): A = R3,2,3, B = R7,6,7, C = R3,2,3, D = R7,6,7.
Ñíà÷àëà âû÷èñëèì ñâåðòêè AB è CD:

� @

@ �

A

� @

@ �

B

�
M

�

M−1

a

b

c

d

k

m

l

n

(AB)abcd = AkambMlkM
−1
nmBcldn, (40)

(CD)abcd = CkambMlkM
−1
nmDcldn. (41)

Çàòåì ïîëó÷àåì ñëåäóþùóþ êîíñòðóêöèþ, êîòîðàÿ ïîçâîëÿåò çàïèñàòü âûðàæå-
íèå äëÿ ïîëèíîìîâ:

� @

@ �

R3

� @

@ �

AB

� @

@ �

CD

�
M

�
M

�

M−1

�

M−1

-
M−1

-

M

c1

d1

a1

b1

a3

b3

c3

d3

a2

b2

c2

d2

H(1,3,±3,±3,−3) = (R3)a1b1c1d1Ma2a1M−1
b2b1

(AB)a2b2c2d2Ma3c2M−1
b3d2

(CD)a3b3c3d3Md1d3M−1
c1c3

.
(42)
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H[4,2]
(1,3,3,−3,−3) =

(2q260 + 2q258 − 33q256 + 34q254 + 178q252 − 368q250 − 377q248 + 1634q246 − 346q244−
4372q242 + 4606q240 + 7208q238 − 16060q236 − 4034q234 + 36039q232 − 17354q230−
56286q228 + 70226q226 + 51653q224 − 153296q222 + 16712q220 + 231322q218−
176128q216 − 230524q214 + 402206q212 + 69864q210 − 595275q208 + 275168q206+
609430q204 − 721862q202 − 333770q200 + 1090134q198 − 232242q196 − 1173822q194+
952727q192 + 827252q190 − 1577202q188 − 41986q186 + 1806129q184 − 989298q182−
1415202q180 + 1881766q178 + 424748q176 − 2210770q174 + 827248q172 + 1763276q170−
1827329q168 − 688476q166 + 2158594q164 − 582342q162 − 1699331q160 + 1545580q158+
644296q156 − 1820666q154 + 571278q152 + 1289220q150 − 1410774q148 − 187296q146+
1471058q144 − 944128q142 − 723268q140 + 1531430q138 − 438059q136 − 1294416q134+
1430022q132 + 376580q130 − 1804580q128 + 790062q126 + 1423672q124 − 1720608q122−
456044q120 + 2054310q118 − 717936q116 − 1670956q114 + 1645228q112 + 739780q110−
1987752q108 + 349532q106 + 1679918q104 − 1182402q102 − 934636q100 + 1523786q98+
90481q96 − 1381578q94 + 572164q92 + 925426q90 − 916515q88 − 365652q86 + 936548q84−
120410q82 − 714695q80 + 418512q78 + 383452q76 − 498038q74 − 78751q72 + 411684q70−
114772q68 − 255384q66 + 187499q64 + 109102q62 − 178500q60 − 6664q58 + 130887q56−
50396q54 − 71346q52 + 68422q50 + 17189q48 − 55690q46 + 17148q44 + 27498q42−
25937q40 − 2652q38 + 17084q36 − 8174q34 − 4927q32 + 7230q30 − 1564q28 − 2712q26+
2279q24 − 42q22 − 964q20 + 546q18 + 80q16 − 242q14 + 98q12 + 28q10 − 42q8 + 12q6+
4q4 − 4q2 + 1)q−176

(43)

H[4,2]
(1,3,−3,3,−3) =

(2q260 + 2q258 − 33q256 + 32q254 + 182q252 − 364q250 − 389q248 + 1636q246 − 332q244−
4386q242 + 4592q240 + 7232q238 − 16046q236 − 4066q234 + 36039q232 − 17302q230

−56316q228 + 70160q226 + 51725q224 − 153268q222 + 16602q220 + 231352q218−
176012q216 − 230604q214 + 402118q212 + 70004q210 − 595225q208 + 274978q206+
609462q204 − 721654q202 − 333934q200 + 1089982q198 − 231994q196 − 1173804q194+
952465q192 + 827364q190 − 1576990q188 − 42182q186 + 1806009q184 − 989044q182−
1415192q180 + 1881506q178 + 424884q176 − 2210584q174 + 827026q172 + 1763228q170−
1827117q168 − 688568q166 + 2158456q164 − 582218q162 − 1699313q160 + 1545480q158+
644350q156 − 1820616q154 + 571214q152 + 1289270q150 − 1410720q148 − 187396q146+
1471076q144 − 944004q142 − 723406q140 + 1531338q138 − 437847q136 − 1294464q134+
1429800q132 + 376766q130 − 1804444q128 + 789802q126 + 1423682q124 − 1720354q122−
456164q120 + 2054114q118 − 717724q116 − 1670844q114 + 1644966q112 + 739798q110−
1987504q108 + 349380q106 + 1679754q104 − 1182194q102 − 934604q100 + 1523596q98+
90531q96 − 1381438q94 + 572076q92 + 925346q90 − 916399q88 − 365622q86 + 936438q84−
120382q82 − 714623q80 + 418446q78 + 383422q76 − 497986q74 − 78751q72 + 411652q70−
114758q68 − 255360q66 + 187485q64 + 109088q62 − 178486q60 − 6662q58 + 130875q56−
50392q54 − 71342q52 + 68420q50 + 17189q48 − 55690q46 + 17148q44 + 27498q42−
25937q40 − 2652q38 + 17084q36 − 8174q34 − 4927q32 + 7230q30 − 1564q28 − 2712q26+
2279q24 − 42q22 − 964q20 + 546q18 + 80q16 − 242q14 + 98q12 + 28q10 − 42q8 + 12q6+
4q4 − 4q2 + 1)q−176

(44)
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H[4,2]
(1,3,3,−3,−3) −H

[4,2]
(1,3,−3,3,−3) =

2q−126 (q2 − 1)
18

(q2 + 1)
10

(q4 + 1)
4

(q4 − q2 + 1)
5

(q4 + q2 + 1)
7

(q8 + q6 + q4 + q2 + 1)
3

(q20 − q16 + q14 + q12 − q10 + q8 + q6 − q4 + 1)
2

(q20 + q18 + q16 + q14 + 2q12 + 2q10 + 2q8 + q6 + q4 + q2 + 1)

(45)

3.1.2 (3, 3, 3,−3,−3) è (3, 3,−3, 3,−3)

Ýòè óçëû òàê æå, êàê è ïðåäûäóùàÿ ïàðà, ñîäåðæàò àíòèïàðàëëåëüíûå êîñû (38, 39)
R3,2,3 è R7,6,7.

Ìîæíî ïðåäñòàâèòü ñòðóêòóðó ýòèõ óçëîâ â ñëåäóþùåì âèäå:

� @

@ �

A

� @

@ �

B

� @

@ �

C

� @

@ �

D

� @

@ �

E

�
M

�
M

�

M−1

�

M−1

�

M−1

�
M

�
M

�

M−1

-
M−1

-

M

Â óçëå (3, 3, 3,−3,−3): A = B = C = R3,2,3, D = E = R7,6,7.
Â óçëå (3, 3,−3, 3,−3): A = B = D = R3,2,3, C = E = R7,6,7.
Âû÷èñëèì ñíà÷àëà ñâåðòêè BC and DE:

(BC)abcd = BkambMlkM
−1
nmCcldn, (46)

(DE)abcd = DkambMlkM
−1
nmEcldn, (47)

çàòåì ñâåðíåì îñòàâøèåñÿ èíäåêñû:

� @

@ �

A

� @

@ �

BC

� @

@ �

DE

�
M

�
M

�

M−1

�

M−1

-
M−1

-

M

c1

d1

a1

b1

a3

b3

c3

d3

a2

b2

c2

d2
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H(3,3,±3,±3,−3) = (A)a1c1b1d1Ma2a1M−1
b2b1

(AB)a2b2c2d2Ma3c2M−1
b3d2

(CD)a3b3c3d3Md1d3M−1
c1c3

.
(48)

H[4,2]
(3,3,3,−3,−3) =

(q360 − 4q358 + 4q356 + 10q354 − 34q352 + 20q350 + 72q348 − 138q346 − 16q344 + 310q342−
244q340 − 402q338 + 712q336 + 372q334 − 1532q332 − 88q330 + 3262q328 − 1654q326−
5720q324 + 6986q322 + 6213q320 − 16046q318 − 1710q316 + 26244q314 − 5631q312−
41046q310 + 12314q308 + 81556q306 − 36520q304 − 178644q302 + 146308q300 + 334408q298−
465493q296 − 468484q294 + 1150112q292 + 360242q290 − 2340225q288 + 433340q286+
4037846q284 − 2670544q282 − 5807194q280 + 7375420q278 + 6275234q276 − 15363550q274−
2663146q272 + 26094820q270 − 9072316q268 − 35947130q266 + 32644571q264 + 36806610q262−
67836284q260 − 16898720q258 + 105829269q256 − 34087626q254 − 126833206q252+
115834368q250 + 104537961q248 − 208873260q246 − 18994612q244 + 274285216q242−
127096019q240 − 266307492q238 + 298827574q236 + 154374240q234 − 434578153q232+
55958950q230 + 466975202q228 − 314192552q226 − 352180388q224 + 534508418q222+
96603368q220 − 624569134q218 + 231782467q216 + 526789274q214 − 519579704q212−
254387438q210 + 653096500q208 − 101680452q206 − 573703278q204 + 406866430q202+
311322091q200 − 543598890q198 + 25439908q196 + 465334382q194 − 296967930q192−
217198918q190 + 393237346q188 − 83335734q186 − 281351288q184 + 296349164q182+
21676308q180 − 321427448q178 + 256841758q176 + 145450302q174 − 415812894q172+
149853428q170 + 373458623q168 − 427868780q166 − 141788952q164 + 562943090q162−
184027047q160 − 495855304q158 + 473735728q156 + 253251492q154 − 619464075q152+
71702848q150 + 576465752q148 − 362987516q146 − 373520784q144 + 528968530q142+
93009306q140 − 534010924q138 + 167765164q136 + 403253988q134 − 335360250q132−
202178336q130 + 382316172q128 + 4209788q126 − 326333954q124 + 137168594q122+
212249810q120 − 201307340q118 − 88867556q116 + 197291808q114 − 8557035q112−
151006562q110 + 65086952q108 + 90678850q106 − 83183526q104 − 37075452q102+
74881760q100 + 297232q98 − 54080147q96 + 18518878q94 + 31702548q92 − 23493018q90−
13965685q88 + 20437088q86 + 2798020q84 − 14389206q82 + 2648316q80 + 8498708q78−
4297918q76 − 4089610q74 + 3955322q72 + 1337292q70 − 2855370q68 + 71930q66+
1702773q64 − 579796q62 − 824984q60 + 603516q58 + 290120q56 − 448178q54 − 21588q52+
272736q50 − 85540q48 − 130108q46 + 103152q44 + 32976q42 − 74561q40 + 15712q38+
33814q36 − 24968q34 − 5116q32 + 15026q30 − 5184q28 − 4236q26 + 4434q24 − 488q22−
1508q20 + 936q18 + 70q16 − 342q14 + 140q12 + 32q10 − 50q8 + 14q6 + 4q4 − 4q2 + 1)q−224

(49)
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H[4,2]
(3,3,−3,3,−3) =

(q360 − 4q358 + 4q356 + 10q354 − 34q352 + 20q350 + 72q348 − 138q346 − 16q344 + 310q342−
244q340 − 402q338 + 712q336 + 372q334 − 1532q332 − 88q330 + 3262q328 − 1654q326−
5720q324 + 6986q322 + 6213q320 − 16050q318 − 1694q316 + 26236q314 − 5685q312−
40942q310 + 12300q308 + 81336q306 − 36176q304 − 178638q302 + 145624q300 + 335198q298−
465163q296 − 470174q294 + 1151194q292 + 361906q290 − 2343139q288 + 433050q286+
4042176q284 − 2672732q282 − 5812242q280 + 7381556q278 + 6279224q276 − 15375256q274−
2661586q272 + 26110802q270 − 9085188q268 − 35960444q266 + 32670283q264 + 36807406q262−
67868858q260 − 16880474q258 + 105858333q256 − 34125590q254 − 126847776q252+
115888014q250 + 104526667q248 − 208932038q246 − 18948124q244 + 274328738q242−
127175563q240 − 266311642q238 + 298919598q236 + 154326598q234 − 434651303q232+
56049902q230 + 467003602q228 − 314302732q226 − 352152610q224 + 534608570q222+
96522298q220 − 624630076q218 + 231898621q216 + 526788072q214 − 519696188q212−
254320760q210 + 653172258q208 − 101787656q206 − 573712780q204 + 406970878q202+
311270327q200 − 543662396q198 + 25523362q196 + 465340776q194 − 297046330q192−
217154820q190 + 393280264q188 − 83407332q186 − 281341402q184 + 296414322q182+
21615798q180 − 321450744q178 + 256926136q176 + 145412396q174 − 415878428q172+
149941582q170 + 373469877q168 − 427970746q166 − 141737046q164 + 563018648q162−
184124613q160 − 495878622q158 + 473848612q156 + 253214828q154 − 619559787q152+
71790780q150 + 576515518q148 − 363101554q146 − 373509168q144 + 529072640q142+
92943950q140 − 534074386q138 + 167857042q136 + 403266080q134 − 335448126q132−
202147764q130 + 382379546q128 + 4153932q126 − 326364116q124 + 137231296q122+
212247014q120 − 201360042q118 − 88840398q116 + 197323046q114 − 8593833q112−
151014648q110 + 65119542q108 + 90670756q106 − 83204940q104 − 37060444q102+
74891744q100 + 281966q98 − 54081465q96 + 18530790q94 + 31698584q92 − 23500000q90−
13959907q88 + 20439454q86 + 2793184q84 − 14388740q82 + 2651130q80 + 8497364q78−
4299080q76 − 4088474q74 + 3955612q72 + 1336582q70 − 2855314q68 + 72302q66+
1702627q64 − 579934q62 − 824870q60 + 603534q58 + 290070q56 − 448168q54 − 21578q52+
272732q50 − 85540q48 − 130108q46 + 103152q44 + 32976q42 − 74561q40 + 15712q38+
33814q36 − 24968q34 − 5116q32 + 15026q30 − 5184q28 − 4236q26 + 4434q24 − 488q22−
1508q20 + 936q18 + 70q16 − 342q14 + 140q12 + 32q10 − 50q8 + 14q6 + 4q4 − 4q2 + 1)q−224

(50)

H[4,2]
(3,3,3,−3,−3) −H

[4,2]
(3,3,−3,3,−3) =

(2 (q2 − 1)
18

(q2 + 1)
10

(q4 + 1)
4

(q4 − q2 + 1)
5

(q4 + q2 + 1)
7

(q8 + q6 + q4 + q2 + 1)
3

(q20 − q16 + q14 + q12 − q10 + q8 + q6 − q4 + 1)
2

(2q84 − 2q82 − 2q80 + 5q78 − 5q76 − 2q74 + 14q72 − 14q70 − 12q68 + 35q66−
13q64 − 33q62 + 46q60 + 4q58 − 54q56 + 34q54 + 24q52 − 49q50 + 15q48

+18q46 − 37q44 + 19q42 + 15q40 − 39q38 + 23q36 + 23q34 − 40q32 + 12q30

+37q28 − 26q26 − 11q24 + 30q22 + q20 − 16q18 + 10q16 + 12q14 − 5q12 − 3q10+
8q8 + 3q6 − 2q4 + q2 + 2)q−174

(51)

Âû÷èñëåíèå ïîëèíîìîâ ÕÎÌÔËÈ-ÏÒ äëÿ ïàð ìóòàíòîâ ñ äîïîëíèòåëüíîé ñèì-
ìåòðèåé ïîêàçàëî, ÷òî îíè ðàçëè÷àþòñÿ ïðåäñòàâëåíèåì [4, 2] Uq(su(3)), ÷òî ñîâïàäà-
åò ñ ðåçóëüòàòîì Ìîðòîíà [18]. Â ýòîé ðàáîòå ðàçíèöà ïîëó÷åíà ÷åðåç ÿâíîå âû÷èñ-
ëåíèå ïîëèíîìîâ.
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4 R-ìàòðèöû â òðåõíèòåâûõ êîñàõ

Ëþáîé óçåë ìîæíî ïåðåðèñîâàòü â âèäå êîñû, ïðè ýòîì ìèíèìàëüíîå êîëëè÷åñòâî
íèòåé â êîñå áóäåò ÷èñëåííûì èíâàðèàíòîì óçëà. Íàïðèìåð,

�
�
�
��@

@

@
@R

R
�
�
�
��@

@

@
@R

R
�
�
�
��@

@

@
@R

R

- -

- -

�

�

Ìåòîä âû÷èñëåíèÿ ïîëèíîìîâ ÕÎÌÔËÈ-ÏÒ, îïèñàííûé â ãëàâå 2, ìîäèôèöèðó-
åòñÿ. Â êîñå åñòü òîëüêî äâà òèïà ïåðåñå÷åíèé:

�
�
�
��@

@

@
@R

= R,
@
@
@
@R�

�

�
��

= R−1.

Âìåñòî ìàòðèöû M äëÿ çàìûêàíèÿ êîñû èñïîëüçóåòñÿ ìàòðèöa âåñîâ W = M2.
Îáû÷íî, åå âêëþ÷àþò â îïðåäåëåíèå êâàíòîâîãî ñëåäà. Îáùàÿ ôîðìóëà äëÿ ïîëèíî-
ìà:

HKT1⊗T2...
= T̃rT1⊗T2...

∏
α

Rα, (52)

ãäå α íóìåðóåò âñå ïåðåñå÷åíèÿ â êîñå.
Â ýòîì ôîðìàëèçìå R-ìàòðèöà äåéñòâóåò ñðàçó íà âñå íèòè êîñû. Â ñëó÷àå òðåõ-

íèòåâûõ êîñ äëÿ âû÷èñëåíèÿ ïîëèíîìîâ èñïîëüçóþòñÿ äâå R-ìàòðèöû:

R1 = R⊗ I, (53)

R2 = I ⊗R, (54)

ãäå I � åäèíè÷íûé îïåðàòîð. Êàæäàÿ èç íèõ ìåíÿåò ìåñòàìè ïåðâóþ è âòîðóþ è
âòîðóþ è òðåòüþ íèòè ñîîòâåòñòâåííî.

Óðàâíåíèå ßíãà-Áàêñòåðà (7) ìîæíî çàïèñàòü ñëåäóþùèì îáðàçîì:

R1R2R1 = R2R1R2. (55)

Ìàòðèöû R1 è R2 ñâÿçàíû äðóã ñ äðóãîì ìàòðèöåé Ðàêà (èçâåñòíîé òàêæå êàê 6j-
ñèìâîë) U :

UT4
T1,T2,T3

: ((T1 ⊗ T2)⊗ T3 → T4) −→ (T1 ⊗ (T2 ⊗ T3)→ T4) (56)

îíà ÿâëÿåòñÿ ìàòðèöåé ïåðåõîäà â äðóãîé áàçèñ. Ñóùåñòâóþò ðàçëè÷íûå ìåòîäû âû-
÷èñëåíèÿ ìàòðèö Ðàêà. Íàïðèìåð, ÷åðåç ñîîòíîøåíèå ïåíòàãîíà [20, 21] èëè ìåòîä
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ñòàðøèõ âåêòîðîâ [23]-[27]. Áîëüøîå ÷èñëî ìàòðèö Ðàêà áûëè âû÷èñëåíû ìåòîäîì
ñòàðøèõ âåêòîðîâ äëÿ ðàçëè÷íûõ ïðåäñòàâëåíèé T SUq(N) [28]: äëÿ T = [2, 1] â [30],
äëÿ T = [3, 1] â [31, 32] è äëÿ T = [3, 3] â [33]. Ýòè ïðèìåðû èñïîëüçóþòñÿ â äàííîé
ðàáîòå.

R2 = UR1U †. (57)

Óðàâíåíèå (55) ïðåîáðàçóåòñÿ ê âèäó:

R1UR1U †R1 = UR1U †R1UR1U †. (58)

Òàê êàê ñîáñòâåííûå çíà÷åíèÿ R-ìàòðèöû èçâåñòíû, âñåãäà ìîæíî âûáðàòü áà-
çèñ â êîòîðîì ìàòðèöà R1 äèàãîíàëüíà. Àíàëîãè÷íî ðàññóæäåíèþ, ïðèâåäåííîìó â
ðàçäåëå 2.1 ìîæíî ïîêàçàòü, ÷òî â ýòîì áàçèñå ìàòðèöû R1 è R2 áóäóò èìåòü áëî÷íî-
äèàãîíàëüíóþ ñòðóêòóðó ñ áëîêàìè R1;Q′k

è R2;Q′k
, êîòîðûå íóìåðóþòñÿ íåïðèâîäè-

ìûìè ïðåäñòàâëåíèÿìè èç ðàçëîæåíèÿ T ⊗ T ⊗ T =
⊕

k akQ
′
k:

R1;Q′k
= diag(λj1 , . . . λjaj ),

R2;Q′k
= (UQ′k)

†R1;Q′k
UQ′k ,

(59)

ãäå λjl ñîáñòâåííûå çíà÷åíèÿ ïðåäñòàâëåíèé Qjl (èç ñóììû T1⊗T2 =
⊕

iQi: Qjl⊗T3 =⊕
mQ

′
m). Âûðàæåíèå (52) òàêæå ïðåîáðàçóåòñÿ [23]-[26]:

H
(m1,n1|m2,n2|... )
T =

∑
Q∈T⊗3

S∗QTrQ(Rm1
1;QUQR

n1
1;QU

†
QR

m2
1;QUQR

n2
1;QU

†
Q . . . ), (60)

ãäå mi è ni íóìåðóþò ïåðåñå÷åíèÿ â êîñå, S∗Q ïîëèíîìû Øóðà â îñîáîé òî÷êå (êâàí-
òîâûå ðàçìåðíîñòè)1.

4.1 Ãèïîòåçà î ñîáñòâåííûõ çíà÷åíèÿõ è åå îáîáùåíèå

Â ñëó÷àå, êîãäà ó R-ìàòðèöû íåò ñîâïàäàþùèõ ñîáñòâåííûõ çíà÷åíèé (ïåðâûé íàáîð
ñîáñòâåííûõ çíà÷åíèé, îïèñàííûé â ðàçäåëå 2.1), óðàâíåíèå ßíãà-Áàêñòåðà (58) ìî-
æåò áûòü ðåøåíî àíàëèòè÷åñêè äëÿ ìàòðèö äî ðàçìåðà 6×6 âêëþ÷èòåëüíî. Ýòî áûëî
ïðîäåëàíî â [37]. Íà îñíîâå ýòîé ðàáîòû áûëà ñôîðìóëèðîâàíà ãèïîòåçà î ñîáñòâåí-
íûõ çíà÷åíèÿõ [27], êîòîðàÿ ãëàñèò, ÷òî ñîáñòâåííûå çíà÷åíèÿR-ìàòðèöû ïîëíîñòüþ
îïðåäåëÿþò ýëåìåíòû ñîîòâåòñòâóþùåé ìàòðèöû Ðàêà.

Îäíàêî, íå ÿñíî, êàê ðàñøèðèòü îáëàñòü ïðèìåíåíèÿ ýòîé ãèïîòåçû íàR-ìàòðèöû
ñ ñîâïàäàþùèìè ñîáñòâåííûìè çíà÷åíèÿìè. Â ýòîé ðàáîòå ðàññìàòðèâàþòñÿR-ìàòðèöû
ñ íàáîðàìè ñîáñòâåííûõ çíà÷åíèé 2, 3 è 4 (èç ðàçäåëà 2.1) è ñîîòâåòñòâóþùèå èì ìàò-
ðèöû Ðàêà.

1èõ ìîæíî âû÷èñëèòü ñ ïîìîùüþ ôîðìóëû êðþêîâ:

S∗Q(A, q) =
∏

(i,j)∈Q

Aqi−j −A−1qj−i

qhi,j − q−hi,j
, x

i

j

k

hi,j = k + l + 1.

(61)

[n]q � êâàíòîâîå ÷èñëî n, [n]q ≡ qn−q−n

q−q−1 .
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Âûðàæåíèå (52) ñèììåòðè÷íî îòíîñèòåëüíî îïåðàöèè çàìåíû áàçèñà, â êîòîðîì
çàïèñàíû ìàòðèöû R1 è R2: R′1 = QR1Q†, R′2 = QR2Q† (àíàëîãè÷íîå ïðåîáðàçî-
âàíèå íåîáõîäèìî ïðèìåíèòü è ê ìàòðèöå Ðàêà). Ïðè ýòîì ìàòðèöà R1 èíâàðèàíò-
íà ïðè ïîâîðîòàõ â ñåêòîðàõ ñîâïàäàþùèõ ñîáñòâåííûõ çíà÷åíèé: R′1 = OR1O† =
R1, R′2 = OR2O†. Ýòî ïîçâîëÿåò ïðîèçâîäèòü äîïîëíèòåëüíûå ïðåîáðàçîâàíèÿ íàä
ìàòðèöåé R2, äëÿ òîãî ÷òîáû èçó÷èòü åå âíóòðåííþþ ñòðóêòóðó.

Èòàê, äëÿ èññëåäîâàíèÿ âíóòðåííåé ñòðóêòóðû ìàòðèö R2 è ìàòðèö Ðàêà èñïîëü-
çîâàëèñü ìàòðèöû Ðàêà èç [28]. Îíè ïîâîðà÷èâàëèñü â ñåêòîðàõ ñ ñîâïàäàþùèìè
ñîáñòâåííûìè çíà÷åíèÿìè (êðàòíûìè è ñëó÷àéíî ñîâïàäàþùèìè) ñîîòâåòñòâóþùåé
R-ìàòðèöû.

Ïîâîðîò â ñåêòîðå ñ êðàòíûìè ñîáñòâåííûìè çíà÷åíèÿìè ñîîòâåòñòâóåò âûáîðó
äðóãèõ ñòàðøèõ âåêòîðîâ â ñîîòâåòñòâóþùèõ ïðåäñòàâëåíèÿõ. Ïîëó÷èâøàÿñÿ ïîñëå
ïîâîðîòà ìàòðèöà âñå ðàâíî óäîâëåòâîðÿåò îïðåäåëåíèþ (56) è ÿâëÿåòñÿ ìàòðèöåé
Ðàêà.

Ïîâîðîòû â ñåêòîðàõ ñî ñëó÷àéíî ñîâïàäàþùèìè ñîáñòâåííûìè çíà÷åíèÿìè ñìå-
øèâàþò âåêòîðà èç ðàçíûõ íåïðèâîäèìûõ ïðåäñòàâëåíèé. Ïîëó÷èâøàÿñÿ ïîñëå òà-
êîãî ïîâîðîòà ìàòðèöà óæå íå áóäåò ìàòðèöåé Ðàêà, îäíàêî âñå ðàâíî ìîæåò èñïîëü-
çîâàòüñÿ äëÿ âû÷èñëåíèÿ ïîëèíîìîâ ÕÎÌÔËÈ-ÏÒ ìåòîäîì Ðåøåòèõèíà-Òóðàåâà,
ïîòîìó ÷òî ôîðìóëà (52) ñèììåòðè÷íà îòíîñèòåëüíî òàêèõ ïðåîáðàçîâàíèé.

Ãëàâíûì ðåçóëüòàòîì ðàáîòû ÿâëÿþòñÿ äâå ãèïîòåçû.

1. Ìàòðèöà R2 ìîæåò áûòü ïðåîáðàçîâàíà ê áëî÷íî-äèàãîíàëüíîìó âèäó,
åñëè åå ñîáñòâåííûå çíà÷åíèÿ óäîâëåòâîðÿþò äâóì óñëîâèÿì: ÷èñëî ïàð
ñëó÷àéíî ñîâïàäàþùèõ ñîáñòâåííûõ çíà÷åíèé áîëüøå èëè ðàâíî ÷åì Na,
÷èñëî ïàð ñîâïàäàþùèõ ñîáñòâåííûõ çíà÷åíèé áîëüøå èëè ðàâíî ÷åì Nr

• Na = 1, Nr = 0 èëè Na = 0, Nr = 1 äëÿ ìàòðèö äî ðàçìåðà 5× 5,

• Na = 1, Nr = 1 äëÿ ìàòðèö 6× 6,

• Na = 1, Nr = 2 äëÿ ìàòðèö 8× 8.

2. Äëÿ òîãî ÷òîáû áëî÷íî-äèàãîíàëèçîâàòü ìàòðèöó R2, êîòîðàÿ îïåðåäåëå-
íà ÷åðåç ìàòðèöó Ðàêà, åå íóæíî ïîâåðíóòü â ñåêòîðå ñî ñëó÷àéíî ñîâïà-
äàþùèìè ñîáñòâåííûìè çíà÷åíèÿìè íà óãîë ±π

4
.

Ïåðâàÿ ãèïîòåçà áûëà äîêàçàíà äëÿ ìàòðèö R2 äî ðàçìåðà 4 × 4 âêëþ÷èòåëüíî.
Îíà òàêæå ìîæåò áûòü ñôîðìóëèðîâàíà äëÿ ìàòðèö Ðàêà, êîòîðûå àíàëîãè÷íî ìîãóò
áûòü ïðåîáðàçîâàíû ê áëî÷íî-äèàãîíàëüíîìó âèäó. Âñå âû÷èñëåíèÿ áûëè ïðîäåëàíû
äëÿ ìàòðèö Ðàêà, ðåçóëüòàòû ïðåäñòàâëåíû â òàáëèöå 4.1.

Áëîêè, êîòîðûå ïîëó÷àþòñÿ ïîñëå ïîâîðîòà, ìîãóò áûòü íàéäåíû ñ ïîìîùüþ ãè-
ïîòåçû î ñîáñòâåííûõ çíà÷åíèÿ. Ýòî ñëåäóåò èç ïåðâîé ãèïîòåçû.

Âòîðàÿ ãèïîòåçà ÿâëÿåòñÿ ýêñïåðèìåíòàëüíûì ðåçóëüòàòîì.
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ðàç- ïðåäñòàâ- ñîáñòâåííûå çíà÷åíèÿ ðåçóëüòàò áëîêè
ìåð ëåíèå êðàòíûå ñëó÷àéíûå

[2,1]

6 [5,3,1] λ1 = λ2 λ3 = λ4 + (3,3)

8 [4,3,2] λ4 = λ5, λ6 = λ7 λ2 = λ3 + (3,5)

9 [4,3,1,1] λ4 = λ5, λ6 = λ7 λ2 = λ3 �

[3,1]

4 [4,3,2,2,1] λ2 = λ3 + (1,3)

5 [4,4,2,2] λ1 = λ2 + (2,3)

6 [4,3,3,1,1] λ1 = λ2 λ3 = λ4 + (3,3)

9 [5,3,2,2] λ4 = λ5 λ2 = λ3 �

[4,4,3,1] λ5 = λ6, λ7 = λ8 λ2 = λ3 + (3,6)

[3,2]

6 [4,3,3,2,2,1] λ5 = λ6 λ3 = λ4 + (3,3)

[6,4,2,1,1,1] λ1 = λ2 λ3 = λ4 + (3,3)

[4,1]

4 [5,4,3,2,1] � λ2 = λ3 + (1,3)

6 [5,5,3,2] λ3 = λ4 λ5 = λ6 + (3,3)

[5,4,4,1,1] λ2 = λ3, λ4 = λ5 λ6 = λ7 + (3,3)

[6,4,2,2,1] � λ4 = λ5 �

[4,2]

4 [5,4,3,3,2,1] � λ2 = λ3 + (1,3)

5 [5,5,3,3,1,1] � λ4 = λ5 + (2,3)

6 [5,4,4,2,2,1] λ5 = λ6 λ3 = λ4 + (3,3)

[11,6,1] λ1 = λ2 λ3 = λ4 + (3,3)

Òàáëèöà 1:Ìàòðèöû ñî ñëó÷àéíî ñîâïàäàþùèìè ñîáñòâåííûìè çíà÷åíèÿìè.
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4.2 Äîêàçàòåëüñòâî ïåðâîé ãèïîòåçû

Ðàññìîòðèì R-ìàòðèöó ðàçìåðà n× n ñ ïàðîé ñîâïàäàþùèõ ñîáñòâåííûõ çíà÷åíèé.

• n = 2

Â ýòîì ñëó÷àå

R =

(
λ

λ

)
= λ

(
1

1

)
, (62)

ýòî çíà÷èò, ÷òîR2 òîæå ïðîïîðöèîíàëüíà åäèíè÷íîé ìàòðèöå, ïîòîìó ÷òîR2 =
URU †.

• n = 3

Â ýòîì ñëó÷àå:

R =

λ1

λ1

λ3

 (63)

R2 ñèììåòðè÷íà, ïîòîìó ÷òî R-ìàòðèöà äèàãîíàëüíà è U äåéñòâèòåëüíà.

R2 =

α1 β1 γ1

β1 β2 γ2

γ1 γ2 γ3

 (64)

Òàê êàê ñ ïîìîùüþ ïîâîðîòà ìàòðèöû âñåãäà ìîæíî ñäåëàòü β1 = 0:

O(β1=0) =

c −ss c
1

 , (65)

ãäå

c = 1√√√√(√
(α1−β2)2+4β2

1+α1−β2

)2

4β2
1

+1

, s =

√
(α1−β2)2+4β2

1+α1−β2

2β1

√√√√(√
(α1−β2)2+4β2

1+α1−β2

)2

4β2
1

+1

,
(66)

ðàçóìíî ðàññìàòðèâàòü R̃2 = O(β1=0)R2O†(β1=0). Ìàòðèöà R1 ñèììåòðè÷íà îòíî-
ñèòåëüíî òàêîãî ïîâîðîòà.

Ïîëó÷àåì, ÷òî ïðîèçâîëüíóþ ìàòðèöó R2 c ïàðîé ñîâïàäàþùèõ ñîáñòâåííûõ
çíà÷åíèé ìîæíî çàïèñàòü ñëåäóþùèì îáðàçîì:

R̃2 =

a1 0 c1

0 a2 c2

c1 c2 c3

 (67)

R1 è R̃2 ïîä÷èíÿþòñÿ óðàâíåíèþ ßíãà-Áàêñòåðà (55).

YB = R1R2R1 −R2R1R2 = 0. (68)
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Ýëåìåíò YB12 ýòîãî óðàâíåíèÿ ðàâåí

λ3c1c2 = 0. (69)

Ñóùåñòâóåò äâà ðåøåíèÿ ýòîãî óðàâíåíèÿ (c1 = 0 è c2 = 0), îáà óäîâëåòâîðÿþò
ãèïîòåçå, òî åñòü áëî÷íî-äèàãîíàëèçóþò ìàòðèöó R̃2.

• n = 4

Äîêàçàòåëüñòâî àíàëîãè÷íî äîêàçàòåëüñòâó â ñëó÷àå ìàòðèö 3 × 3. Â êà÷åñòâå
R1 âûáèðàåì äèàãîíàëüíóþ ìàòðèöó ñ äâóìÿ ñîâïàäàþùèìè ñîáñòâåííûìè çíà-
÷åíèÿìè. Ïîâîðà÷èâàÿ ìàòðèöû R1 è R2 ïðèõîäèì ê ñëåäóþùåìó îáùåìó âèäó
ìàòðèö:

R1 =


x1

x1

x3

x4

 , R2 =


m11 0 m13 m14

0 m22 m23 m24

m13 m23 m33 m34

m14 m24 m34 m44

 . (70)

Õîòèì ïîêàçàòü, ÷òî ëþáîå ðåøåíèå óðàâíåíèÿ ßíãà-Áàêñòåðà (R1R2R1 =
R2R1R2) áëî÷íî-äèàãîíàëèçóåò ìàòðèöó R2. Èïîëüçóåì óñëîâèå íà ñëåä, êî-
òîðîå âûòåêàåò èç óðàâíåíèÿ ßíãà-Áàêñòåðà:

2x1 + x3 + x4 = m11 +m22 +m33 +m44, (71)

âûðàæàåì èç íåãî ýëåìåíò m44. Äëÿ íàõîæäåíèÿ äðóãèõ ýëåìåíòîâ R2 ìîæíî
èñïîëüçîâàòü ñëåäóþùóþ ïîñëåäîâàòåëüíîñòü äåéñòâèé:

1. Âûðàçèòü m33 è m34 èç YB13 è YB23. óñëîâèå íà îïðåäåëèòåëü ñèñòåìû
ýòèõ óðàâíåíèé: (m14m23 −m24m13) 6= 0.

2. Âûðàçèòü m13 èç YB12 (óñëîâèå: m23 6= 0).

3. Âûðàçèòü m23, m24 è m22 äðóã çà äðóãîì èç óðàâíåíèé YB22, YB11 è YB14

ñîîòâåòñòâåííî.

4. Íàêîíåö, YB33 è YB44 ïîçâîëÿþò íàéòè m11 and m14.

Âñå ðåøåíèÿ, ïîëó÷åííûå â ýòîé âåòâè âû÷èñëåíèé áëî÷íî-äèàãîíàëüíûå.

Òåïåðü ïðåäïîëîæèì, ÷òî (m14m23 − m24m13) = 0 è ðàññìîòðèì äâà ñëó÷àÿ:
m13 = 0 è m13 6= 0.

m13 = 0.

Èç YB12:
m13m23x3 +m14m24x4 = 0 (72)

ñëåäóåò, ÷òî m14 = 0 è/èëè m24 = 0. YB13 ñòàíîâèòñÿ ðàâíûì:

m14m34x4 = 0 (73)

ïîýòîìó m14 = 0 è/èëè m34 = 0. Ðåøåíèÿ ýòèõ äâóõ óðàâíåíèé: m14 = 0 èëè
m24 = 0 è m34 = 0. Îáà áëî÷íî-äèàãîíàëèçóþò ìàòðèöó R2:

0 0 0
0
0
0

 ,


0 0

0 0
0 0

0 0

 (74)
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Äðóãîé ñëó÷àé: m13 6= 0 è m14m23 −m24m13 = 0. m33 ìîæíî âûðàçèòü èç YB13

è ïîäñòàâèòü â YB23. Ïîëó÷àåì:

(m22 −m11)m23x1 = 0 (75)

Åñëè m23 = 0, èç óñëîâé m13 6= 0 è m14m23 −m24m13 = 0 ñëåäóåò, ÷òî m24 = 0.
Â ðåçóëüòàòå îïÿòü ïîëó÷àåì áëî÷íî-äèàãîíàëüíîå ðåøåíèå äëÿ ìàòðèöû R2:

0
0 0 0

0
0

 (76)

Åñëè m22 = m11, äîïîëíèòåëüíûì âðàùåíèåì ìàòðèö R1 è R2 â ñåêòîðå 1 − 2
ìîæíî áëî÷íî-äèàãîíàëèçîâàòü ìàòðèöó R2. Íîâûå ýëåìåíòû ðàâíû:

m′23 = cm23 + sm13m
′
24 = cm24 + sm14. (77)

Èñïîëüçóåì óñëîâèÿ m13 6= 0 è m14m23 − m24m13 = 0, ÷òîáû ïîëó÷èòü, ÷òî
m′23 = 0 è m′24 = 0 êîãäà

c =
√

m13
m13+m23

, s = −m23

m13
c (78)

èëè åñëè m13 = −m23, îòêóäà ñëåäóåò, ÷òî m14 = −m24

c = s =
1√
2
. (79)

Ñòðóêòóðà êîíå÷íûõ ìàòðèö òàêàÿ æå, êàê è â ïðåäûäóùåì ñëó÷àå.

4.3 Ïðåîáðàçîâàíèå ìàòðèö

Â õîäå âûïîëíåíèÿ ðàáîòû èçó÷àëèñüR-ìàòðèöû â ðàçëè÷íûõ êîíå÷íîìåðíûõ íåïðè-
âîäèìûõ ïðåäñòàâëåíèÿõ Uq(su(N)), èç íèõ âûáèðàëèñü ìàòðèöû ñ ñîâïàäàþùèìè
ñîáñòâåííûìè çíà÷åíèÿìè. Çàòåì ñîîòâåòñòâóþùèå ìàòðèöû Ðàêà [28] ïîâîðà÷èâà-
ëèñü â ñåêòîðàõ ñ ñîâïàäàþùèìè ñîáñòâåííûìè çíà÷åíèÿìè. Âû÷èñëåíèÿ ïîêàçàëè,
÷òî ïîñëå ïîâîðîòà â ñåêòîðå ñî ñëó÷àéíî ñîâïàäàþùèìè ñîáñòâåííûìè çíà÷åíèÿìè,
ïî÷òè âñå ìàòðèöû Ðàêà è, ñëåäîâàòåëüíî, ìàòðèöû R2 áëî÷íî-äèàãîíàëèçîâàëèñü.
Âñå ðåçóëüòàòû ïðèâåäåíû â òàáëèöå 4.1. Â ýòîé ãëàâå îïèñàíà ñõåìà âû÷èñëåíèé.

Åñëè ó R-ìàòðèöû åñòü ñîâïàäàþùèå ñîáñòâåííûå çíà÷åíèÿ, (λi = λj)

R =



. . .
λi

. . .
λj

. . .

 (80)
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ñîîòâåòñòâóþùóþ ìàòðèöó Ðàêà U ìîæíî ïîâåðíóòü â ñåêòîðå i − j ñ ïîìîùüþ îð-
òîãîíàëüíîé ìàòðèöû O:

O =



. . .
c −s

. . .
s c

. . .

 (81)

U ′ = OUOT , (82)


c 0 · · · 0 −s
0 1 · · · 0 0

. . .
0 0 · · · 1 0
s 0 · · · 0 c




ui,i ui,i+1 · · · ui,j−1 ui,j
ui+1,i ui+1,i+1 · · · ui+1,j−1 ui+1,j

. . .
uj−1,i uj−1,i+1 · · · uj−1,j−1 uj−1,j

uj,i uj,i+1 · · · uj,j−1 uj,j




c 0 . . . 0 s
0 1 . . . 0 0

. . .
0 0 . . . 1 0
−s 0 . . . 0 c

 =

(83)
u′i,i u′i,i+1 · · · u′i,j−1 u′i,j
u′i+1,i ui+1,i+1 · · · ui+1,j−1 u′i+1,j

. . .
u′j−1,i uj−1,i+1 · · · uj−1,j−1 u′j−1,j

u′j,i u′j,i+1 · · · u′j,j−1 u′j,j

 . (84)

Óãîë, íà êîòîðûé íóæíî ïîâåðíóòü U ′, äëÿ òîãî ÷òîáû áëî÷íî-äèàãîíàëèçîâàòü ìîæ-
íî îïåðåäåëèòü èç ñëåäóþùåãî òðåáîâàíèÿ:

u′i,j = u′j,i = 0. (85)

Óðàâíåíèÿ èìåþò ðåøåíèÿ òîëüêî åñëè ui,j = uj,i. Åñëè ui,j 6= uj,i ìû ìîæåì èñïîëü-
çîâàòü äîïîëíèòåëüíûé ïîâîðîò:

O1 =



. . .
c1 −s1

. . .
s1 c1

. . .

 and O2 =



. . .
c2 −s2

. . .
s2 c2

. . .

 (86)

è ðàáîòàòü ñ ïðåîáðàçîâàííîé ìàòðèöåé ïîâîðîòà:

U ′ = O1UOT2 , (87)


c1 0 · · · 0 −s1

0 1 · · · 0 0
. . .

0 0 · · · 1 0
s1 0 · · · 0 c1




ui,i ui,i+1 · · · ui,j−1 ui,j
ui+1,i ui+1,i+1 · · · ui+1,j−1 ui+1,j

. . .
uj−1,i uj−1,i+1 · · · uj−1,j−1 uj−1,j

uj,i uj,i+1 · · · uj,j−1 uj,j




c2 0 . . . 0 s2

0 1 . . . 0 0
. . .

0 0 . . . 1 0
−s2 0 . . . 0 c2

 =

(88)
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
u′i,i ui,i+1 · · · u′i,j−1 u′i,j
u′i+1,i ui+1,i+1 · · · ui+1,j−1 u′i+1,j

. . .
u′j−1,i uj−1,i+1 · · · uj−1,j−1 u′j−1,j

u′j,i u′j,i+1 · · · u′j,j−1 u′j,j

 . (89)

Óãîë ïîâîðîòà äëÿ íîâîé ìàòðèöû ìîæåò áûòü íàéäåí èç àíàëîãè÷íîãî òðåáîâàíèÿ
(85).

4.4 Ïðåäñòàâëåíèå [2,1]

[2, 1]⊗[2, 1] = [4, 2]⊕[4, 1, 1]⊕[3, 3]⊕[3, 2, 1]⊕[3, 2, 1]⊕[3, 1, 1, 1]⊕[2, 2, 2]⊕[2, 2, 1, 1], (90)

Â êâàäðàòå ïðåäñòàâëåíèÿ [2, 1] åñòü äâà òèïà íåïðèâîäèìûõ ïðåäñòàâëåíèé: èç ñèì-
ìåòðè÷íîãî è àíòèñèììåòðè÷íîãî (ïîä÷åðêíóòû) êâàäðàòà. Ñîáñòâåííûå çíà÷åíèÿ
ñîîòâåòñòâóþùèõ R-ìàòðèö ðàâíû:

λ[4,2] = 1
q5 , λ[4,1,1] = − 1

q3 , λ[3,3] = − 1
q3 , λ[3,2,1]± = ±1,

λ[3,1,1,1] = q3, λ[2,2,2] = q3, λ[2,2,1,1] = −q5.
(91)

Âèäíî, ÷òî âñòðå÷àþòñÿ äâå ïàðû ñëó÷àéíî ñîâïàäàþùèõ ñîáñòâåííûõ çíà÷åíèé:

λ[4,1,1] = λ[3,3] = − 1
q3 ,

λ[3,1,1,1] = λ[2,2,2] = q3.
(92)

Ìàòðèöû ñî ñëó÷àéíî ñîâïàäàþùèìè ñîáñòâåííûìè çíà÷åíèÿìè
[2, 1]

ðàç- ïðåäñòàâ- ñîáñòâåííûå çíà÷åíè ðåçóëüòàò áëîêè
ìåð ëåíèå êðàòíûå ñëó÷àéíûå

6 [5,3,1] λ1 = λ2 λ3 = λ4 + (3,3)

8 [4,3,2] λ4 = λ5, λ6 = λ7 λ2 = λ3 + (3,5)

9 [4,3,1,1] λ4 = λ5, λ6 = λ7 λ2 = λ3 -

4.4.1 [5,3,1]

R[5,3,1] = diag(qκ[2,2,1,1] , qκ[2,2,1,1] , −qκ[3,1,1,1] , −qκ[2,2,2] , −qκ[3,2,1] , qκ[3,2,1]) =
diag(−q−5, −q−5, q−3, q−3, −1, 1).

(93)

Âèäíî, ÷òî λ1 = λ2 è λ3 = λ4, ïîýòîìó ìû âðàùàåì ìàòðèöó U[5,3,1] â ñåêòîðàõ
1− 2 è 3− 4. Ïîëó÷àåì

c
[5,3,1]
12 = 1√

2

√
1 + q(1+q2)(1+q4)2

(1+q2(1+(−1+q)q)(1+q+q2)(2+q4+q6)
,

s
[5,3,1]
12 = 1√

2

√
(1+(−1+q)q)(1+q+q2+q3+q4)(1+(−1+q)q(1+(−1+q)q)(1+q+q2))

(1+q2(1+(−1+q)q)(1+q+q2)(2+q4+q6)
,

(94)
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è
c

[5,3,1]
34 = 1√

2
, s

[5,3,1]
34 = − 1√

2
. (95)

Ïîñëå ïîâîðîòîâ ìàòðèöà U[5,3,1] áëî÷íî-äèàãîíàëèçóåòñÿ:

U ′[5,3,1] =



− q2(1+q+q2)
(1+q2)y1

0 x13 0 0 x16

0 q2(1−q+q2)
(1+q2)y2

0 x24 x25 0

x13 0 −1+q−q2+q3−q4

(1+q2)(1−q+q2)
0 0 x36

0 x24 0 y1
y1+q2 x45 0

0 x52 0 x45 − q3

1+q2−q3+q4+q6 0

x16 0 x36 0 0 − q3

y1+q6


,

(96)
ãäå

x13 = q
1+q2

√
1+q+q2+q3+q4+q5+q6

1+q2+q3+q4+q6 , x24 = − q
1+q2

√
1−q+q2−q3+q4−q5+q6

1+q2−q3+q4+q6 ,

x16 =
(1+q4)

√
1+q+q2+q3+q4+q5+q6

1−q+q2+q4−q5+q6

1+q+q2+q3+q4 , x45 =
q

√
1+q4

1−q+q2−q3+q4

1+q+q2 ,

x36 =
q

√
1+q4

1+q+q2+q3+q4

1−q+q2 , x25 =

√
(1+q4)(1+q2−q3+q4+q6)(1−q+q2−q3+q4−q5+q6)

(1+q+q2)(1−q+q2−q3+q4)3/2 ,

x52 =
(1+q4)

√
1−q+q2−q3+q4−q5+q6

1+q+q2+q4+q5+q6

1−q+q2−q3+q4 ,

y1 = 1 + q + q2 + q3 + q4, y2 = 1− q + q2 − q3 + q4.

(97)

Âèäíî, ÷òî ó ìàòðèöà (96) áëî÷íî-äèàãîíàëüíàÿ ñòðóêòóðà ñ áëîêàìè 3× 3.

4.4.2 [4,3,2]

R[4,3,2] = diag (qκ[2,2,1,1] , −qκ[3,1,1,1] , −qκ[2,2,2] , −qκ[3,2,1] , −qκ[3,2,1] , qκ[3,2,1] , qκ[3,2,1] , qκ[3,3]) =
diag (−q5, q3, q3, −1, −1, 1, 1, −q−3)

(98)
Íåñìîòðÿ íà òî ÷òî ó ýòîé ìàòðèöû òðè ïàðû ñîâïàäàþùèõ ñîáñòâåííûõ çíà÷åíèé

λ2 = λ3, λ4 = λ5 è λ6 = λ7, âñåãî îäíî âðàùåíèå â ñåêòîðå 2−3 áëî÷íî-äèàãîíàëèçóåò
åå. Ýëåìåíòû ìàòðèöû ïîâîðîòà ðàâíû:

c
[4,3,2]
23 = 1√

2
, s

[4,3,2]
23 = − 1√

2
. (99)
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Â ðåçóëüòàòå ïîëó÷àåì U[5,3,1]:

U ′[4,3,2] =



x11 x12 0 x14 0 0 x17 x18

x12
2q2

(1+q2)2 0 x24 0 0 x27 x28

0 0 0 0 − 1√
2
− 1√

2
0 0

x14 x24 0 1+q−3q2+q3+q4

2(1−q+q2−q3+q4)
0 0 1

2
− q2

(1+q2)
√

1+q4

0 0 − 1√
2

0 1
2

−1
2

0 0

0 0 − 1√
2

0 −1
2

1
2

0 0

x17 x27 0 1
2

0 0

√
(−1+q+3q2+q3−q4)2

2(1+q+q2+q3+q4)
− q2

(1+q2)
√

1+q4

x18 x28 0 − q2

(1+q2)
√

1+q4
0 0 − q2

(1+q2)
√

1+q4

q4

(1+q2)2(1+q4)


,

(100)
ãäå

x11 = q4(1+q2+3q4+q6+q8)
(1+q2)2(1+q2+2q4+2q6+2q8+q10+q12)

, x12 =
√

2q6(1+q4+q8)
(1+q2)4(1+q2+2q4+2q6+2q8+q10+q12)

,

x14 =
√

q2(1−q+q2)3(1+q+q2)(1−q2+q4)
(1+q2)2(1+q4)(1−q+q2−q3+q4)2 , x17 = −

√
q2(1−q+q2)(1+q+q2)3(1−q2+q4)
(1+q2)2(1+q4)(1+q+q2+q3+q4)2 ,

x24 =
√

(q−1)4(1+q+q2+q3+q4)
2(1+q2)2(1−q+q2−q3+q4)

, x27 = −
√

(1+q)4(1−q+q2−q3+q4)
2(1+q2)2(1+q+q2+q3+q4)

,

x18 =
√

(1−q2+q4)(1+q2+q4)3

(1+q2)4(1+q4)2 , x28 = −
√

2q

√
1+q2+q4+q6+q8

1+q4

(1+q2)2 .

(101)

Âèäíî, ÷òî ìàòðèöà (101) áëî÷íî-äèàãîíàëüíà ñ áëîêàìè ðàçìåðîì 5× 5 è 3× 3.

4.5 Ïðåäñòâàëåíèå [3,1]

[3, 1]⊗2 = [6, 2]⊕ [6, 1, 1]⊕ [5, 3]⊕ 2[5, 2, 1]⊕ [5, 1, 1, 1]⊕ [4, 4]⊕ 2[4, 3, 1]⊕ [4, 2, 2]
⊕[4, 2, 1, 1]⊕ [3, 3, 2]⊕ [3, 3, 1, 1].

(102)
Ñîáñòâåííûå çíà÷åíèÿ ñîîòâåòñòâóþùåé R-ìàòðèöû ðàâíû:

λ[6,2] = q−14, λ[6,1,1] = −q−12, λ[5,3] = −q−10, λ[5,2,1]± = ±q−7,
λ[5,1,1,1] = q−4, λ[4,4] = q−8, λ[4,3,1]± = ±q−4, λ[4,2,2] = q−2,
λ[4,2,1,1] = −1, λ[3,3,2] = −1, λ[3,3,1,1] = q2.

(103)

Ñðåäè íèõ åñòü äâå ïàðû ñëó÷àéíî ñîâïàäàþùèõ ñîáñòâåííûõ çíà÷åíèé:

λ[5,1,1,1] = λ[4,3,1]+ = q−4

λ[4,2,1,1] = λ[3,3,2] = −1
(104)
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Ìàòðèöû ñî ñëó÷àéíî ñîâïàäàþùèìè ñîáñòâåííûìè çíà÷åíèÿìè
[3, 1]

ðàç- ïðåäñòàâ- ñîáñòâåííûå çíà÷åíèÿ ðåçóëüòàò áëîêè
ìåð ëåíèå êðàòíûå ñëó÷àéíûå

4 [4,3,2,2,1] λ2 = λ3 + (3, 1)

5 [4,4,2,2] λ1 = λ2 + (3, 2)

6 [4,3,3,1,1] λ1 = λ2 λ3 = λ4 + (3, 3)

9 [5,3,2,2] λ4 = λ5 λ2 = λ3 - -

[4,4,3,1] λ5 = λ6, λ7 = λ8 λ2 = λ3 + (3, 6)

4.5.1 [4,3,2,2,1]

R[4,3,2,2,1] = diag(qκ[3,3,1,1] , −qκ[4,2,1,1] , −qκ[3,3,2] , qκ[4,2,2]) = diag(q2, 1, 1, q−2). (105)

Ïîñëå âðàùåíèÿ â ñåêòîðå 2− 3 ìàòðèöåé ïîâîðîòà ñ ýëåìåíòàìè

c
[4,3,2,2,1]
23 = 1√

2
, s

[4,3,2,2,1]
23 = − 1√

2
. (106)

R[4,3,2,2,1] áëî÷íî-äèàãîíàëèçóåòñÿ:

U ′[4,3,2,2,1] = O[4,3,2,2,1]
23 U[4,3,2,2,1](O[4,3,2,2,1]

23 )† =


q2

(1+q2)2

(
√

2q
√

1+q2+q4

(1+q2)2 0 1+q2+q4

(1+q2)2

−
√

2q
√

1+q2+q4

(1+q2)2

(−1−q4)
(1+q2)2 0

√
2q
√

1+q2+q4

(1+q2)2

0 0 1 0

1+q2+q4

(1+q2)2 − (
√

2q
√

1+q2+q4

(1+q2)2 0 q2

(1+q2)2

 .

(107)
U ′[4,3,2,2,1] ðàñïàäàåòñÿ íà áëîêè 3× 3 è 1× 1.

4.5.2 [4,4,2,2]

R[4,4,2,2] = diag(−qκ[4,2,1,1] , −qκ[3,3,2] , qκ[4,2,2] , qκ[4,3,1] , −qκ[4,3,1]) =

diag(−1, −1, q−2, q−4, −q−4). (108)

Ó ìàòðèöû R[4,4,2,2] åñòü îäíà ïàðà ñëó÷àéíî ñîâïàäàþùèõ ñîáñòâåííûõ çíà÷åíèé,
ïîýòîìó ìîæíî ïîâåðíóòü R[4,4,2,2] â ñåêòîðå 1− 2 ìàòðèöåé âðàùåíèÿ ñ ýëåìåíòàìè

c
[4,4,2,2]
12 = 1√

2
, s

[4,4,2,2]
12 = − 1√

2
(109)

è ïîëó÷èòü

U ′[4,4,2,2] =


x11 0 0 x14 0
0 x22 x23 0 −x25

0 x23 x33 0 x23

−x14 0 0 x11 0
0 x25 x23 0 −x22

 , (110)
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ãäå

x11 = q2

1+q4 , x22 = − q2

(1+q2)2 , x23 = −
√

2q
√

1−q+q2
√

1+q+q2

(1+q2)2 ,

x25 = 1+q2+q4

(1+q2)2 , x14 =

√
1−q+q2

√
1+q+q2

√
1−q2+q4

1+q4 , x33 = − 1+q4

(1+q2)2 .
(111)

Âèäíî, ÷òî êîíå÷íàÿ ìàòðèöà ðàñïàäàåòñÿ íà áëîêè ðàçìåðîì 3× 3 è 2× 2.

4.5.3 [4,3,3,1,1]

R[4,3,3,1,1] = diag(qκ[3,3,1,1] , qκ[3,3,1,1] , −qκ[4,2,1,1] , −qκ[3,3,2] , qκ[4,3,1] , −qκ[4,3,1]) =

diag(q2, q2, −1, −1, q−4, −q−4). (112)

Ó ìàòðèöû R[4,3,3,1,1] åñòü äâå ïàðû ñîâïàäàþùèõ ñîáñòâåííûõ çíà÷åíèé. Ýëåìåíòû
ìàòðèö ïîâîðîòà â ñåêòîðàõ 1− 2 è 3− 4 ðàâíû:

c
[4,3,3,1,1]
12 = 1√

2
(1 + q4)

√
1+q2+q4

1+2q4+2q8+q12
,

s
[4,3,3,1,1]
12 = 1√

2

√
1−q2+q4+q8−q10+q12

1+2q4+q6+2q8+q12
,

(113)

è
c

[4,3,3,1,1]
34 = 1√

2
, s

[4,3,3,1,1]
34 = 1√

2
. (114)

Ïîñëå ïîâîðîòà ïîëó÷àåì ìàòðèöy ñ áëîêàìè ðàçìåðîì 3× 3.

4.5.4 [4,4,3,1]

R[4,4,3,1] = diag(qκ[3,3,1,1] , −qκ[4,2,1,1] , −qκ[3,3,2] , qκ[4,2,2] , qκ[4,3,1] , qκ[4,3,1] , −qκ[4,3,1] , −qκ[4,3,1] , qκ[4,4]) =

diag(q2, −1, −1, q−2, q−4, q−4, −q−4, −q−4, q−8). (115)

Ó ìàòðèöû R[4,4,3,1] òðè ïàðû ñîâïàäàþùèõ ñîáñòâåííûõ çíà÷åíèé: λ2 = λ3 (ñëó÷àéíî
ñîâïàäàþùèå), λ5 = λ6, λ7 = λ8 (êðàòíûå). Ìû ïîâîðà÷èâàåì ñîîòâåòñòâóþùóþ
ìàòðèöó Ðàêà U [4,4,3,1] òîëüêî â ñåêòîðàõ 2-3 è 7-8, ïîòîìó ÷òî U [4,4,3,1]

56 = U
[4,4,3,1]
65 = 0.

×òîáû îãðàíè÷èòüñÿ òîëüêî îäíîé ìàòðèöåé ïîâîðîòà â ñåêòîðå 2− 3, ìû óìíîæàåì
òðåòüþ ñòðîêó ìàòðèöû U [4,4,3,1] íà −1. Â ýòîì ñëó÷àå ýëåìåíòû ìàòðèöû ïîâîðîòà â
ñåêòîðå 2− 3 ðàâíû:

c
[4,4,3,1]
23 = 1√

2
, s

[4,4,3,1]
23 = − 1√

2
. (116)

Âòîðîé ïîâîðîò íåîáõîäèìî ñäåëàòü â ñåêòîðå 7−8. Ýëåìåíòû ìàòðèö ïîâîðîòà ðàâíû
ñîîòâåòñòâåííî:

c
[4,4,3,1]
1,78 =

√
1+q2+q4

2(1+q4)
, s

[4,4,3,1]
1,78 = −

√
1−q2+q4

2(1+q4)
(117)

è
c

[4,4,3,1]
2,78 = 1 , s[4,4,3,1]

2,78 = 0. (118)

Â ðåçóëüòàòå ïîëó÷àåì ìàòðèöó ñ áëîêàìè 3× 3 è 6× 6þ
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4.6 Ïðåäñòàâëåíèå [3,2]

[3, 2]⊗2 = [6, 4]⊕ [6, 3, 1]⊕ [6, 2, 2]⊕ [5, 5]⊕ [5, 4, 1]⊕ [5, 4, 1]⊕ [5, 3, 2]⊕

[5, 3, 2]⊕ [5, 3, 1, 1]⊕ [5, 2, 2, 1]⊕, [4, 4, 2]⊕ [4, 4, 1, 1]⊕ [4, 3, 3]⊕ [4, 3, 2, 1]⊕

[4, 3, 2, 1]⊕ [4, 2, 2, 2]⊕ [3, 3, 3, 1]⊕ [3, 3, 2, 2],

(119)

Â êâàäðàòå ïðåäñòàâëåíèÿ [3, 2] ïîä÷åðêíóòû àíòèñèììåòðè÷íûå ïðåäñòàâëåíèÿ. Ó
ñîîòâåòñòâóþùåé R-ìàòðèöû ñëåäóþùèå ñîáñòâåííûå çíà÷åíèÿ:

λ[6,4] = q−17, λ[6,3,1] = −q−13, λ[6,2,2] = q−11, λ[5,5] = −q−15, λ[5,4,1]± = ±q−10,
λ[5,3,2]± = ±q−7, λ[5,3,1,1] = q−5, λ[5,2,2,1] = −q−3, λ[4,4,2] = q−5, λ[4,4,1,1] = −q−3,
λ[4,3,3] = −q−3, λ[4,3,2,1]± = ±1, λ[4,2,2,2] = q3, λ[3,3,3,1] = q3, λ[3,3,2,2] = −q5.

(120)
Ñðåäè íèõ åñòü íåñêîëüêî ïàð ñëó÷àéíî ñîâïàäàþùèõ ñîáñòâåííûõ çíà÷åíèé:

λ[5,3,1,1] = λ[4,4,2] = q−5

λ[5,2,2,1] = λ[4,4,1,1] = λ[4,3,3] = −q−3

λ[4,2,2,2] = λ[3,3,3,1] = q3.
(121)

Ìàòðèöû ñî ñëó÷àéíî ñîâïàäàþùèìè ñîáñòâåííûìè çíà÷åíèÿìè
[3, 2]

ðàç- ïðåäñòàâ- ñîáñòâåííûå çíà÷åíèÿ ðåçóëüòàò áëîêè
ìåð ëåíèå êðàòíûå ñëó÷àéíûå

6 [4,3,3,2,2,1] λ5 = λ6 λ3 = λ4 + (3,3)

[6,4,2,1,1,1] λ1 = λ2 λ3 = λ4 + (3,3)

4.6.1 [4,3,3,2,2,1]

R[4,3,3,2,2,1] = diag(−qκ[4,3,2,1] , qκ[4,3,2,1] , qκ[4,2,2,2] , qκ[3,3,3,1] , −qκ[3,3,2,2] , −qκ[3,3,2,2]) =

diag(−1, 1, q3, q3, −q5, −q5). (122)

Ó ìàòðèöû R[4,3,3,2,2,1] åñòü äâå ïàðû ñîâïàäàþùèõ ñîáñòâåííûõ çíà÷åíèé: λ3 = λ4

(ñëó÷àéíî ñîâïàäàþùèå) è λ5 = λ6. ×òîáû èñïîëüçîâàòü òîëüêî îäíó ìàòðèöó ïîâî-
ðîòà â ñåêòîðå 3− 4, ìû ìåíÿåì çíàê òðåòüåé ñòðîêè ìàòðèöû U[4,3,3,2,2,1]. Ýëåìåíòû

ìàòðèöû ïîâîðîòà O[4,3,3,2,2,1]
34 ðàâíû:

c
[4,3,3,2,2,1]
34 = 1√

2
, s

[4,3,3,2,2,1]
34 = − 1√

2
. (123)

Ñëåäóþùèé ïîâîðîò 5 − 6 ìû äåëàåì ñ èñïîëüçîâàíèåì äâóõ ìàòðèö ïîâîðîòà. Èõ
ýëåìåíòû ðàâíû:
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c
[4,3,3,2,2,1]
1,56 =

√
q(q2+1)(q8+1)

q12+2q10+2q8+q6+2q4+2q2+1
+1

√
2

, s
[4,3,3,2,2,1]
1,56 =

√
1− q(q2+1)(q8+1)

q12+2q10+2q8+q6+2q4+2q2+1√
2

c
[4,3,3,2,2,1]
2,56 =

√
1− q(q2+1)(q8+1)

q12+2q10+2q8+q6+2q4+2q2+1√
2

s
[4,3,3,2,2,1]
2,56 =

√
q(q2+1)(q8+1)

q12+2q10+2q8+q6+2q4+2q2+1
+1

√
2

(124)

Ïîñëå ïîâîðîòà ìàòðèöà ðàâíà:

U ′[4,3,3,2,2,1] =

q3

q6+q4−q3+q2+1
0 0 x14 −x15 0

0 − q3

q6+q4+q3+q2+1
x23 0 0 x26

0 −x23 −x33 0 0 −x36

x14 0 0 x44 x45 0

x15 0 0 −x45
q2((q−1)q+1)

(q2+1)((q−1)q(q2+1)+1)
0

0 −x26 −x36 0 0
q2(q2+q+1)

(q2+1)(q4+q3+q2+q+1)


,

(125)

ãäå

x14 =
q
√

(q4+1)((q−1)q(q2+1)+1)

q6+q4−q3+q2+1
, x15 =

√
(q4+1)((q2+1)(q4−q+1)q2+1)

q6+q4−q3+q2+1
,

x23 =
q
√

(q4+1)(q4+q3+q2+q+1)

q6+q4+q3+q2+1
, x26 =

√
(q4+1)((q2+1)(q4+q+1)q2+1)

q6+q4+q3+q2+1
,

x33 = q2

((q−1)q+1)(q2+1)
− 1, x36 =

q
√

(q4+q3+q2+q+1)((q2+1)(q4+q+1)q2+1)

(q6+2q4+q3+2q2+q+2)q2+1
,

x44 = q2

q4+q3+2q2+q+1
− 1, x45 =

q(−(q−1)q((q−1)q+1)(q2+q+1)−1)
(q2+1)

√
((q−1)q(q2+1)+1)((q2+1)(q4−q+1)q2+1)

.

(126)

Âèäíî, ÷òî îíà ñîñòîèò èç áëîêîâ 3× 3 è 3× 3.

4.6.2 [6,4,2,1,1,1]

R[6,4,2,1,1,1] = diag(qκ[5,3,1,1] , qκ[5,3,1,1] , −qκ[5,2,2,1] , −qκ[4,4,1,1] , −qκ[4,3,2,1] , qκ[4,3,2,1]) =

diag(q−5, q−5, −q−3, −q−3, −1, 1). (127)

Ó ìàòðèöû R[6,4,2,1,1,1] åñòü äâå ïàðû ñîâïàäàþùèõ ñîáñòâåííûõ çíà÷åíèé: λ1 = λ2

è λ3 = λ4 (ñëó÷àéíî ñîâïàäàþùèå). Ýëåìåíòû ìàòðèöû ïîâîðîòà â ñåêòîðå 3 − 4
ðàâíû:

c
[6,4,2,1,1,1]
34 = 1√

2
, s

[6,4,2,1,1,1]
34 = − 1√

2
. (128)

Äëÿ ïîâîðîòà â ñåêòîðå 1−2 íóæíî èñïîëüçîâàòü äâå ìàòðèöû ñ ýëåìåíòàìè, êîòîðûå
ìö íå áóäåì ïåðå÷èñëÿòü äëÿ ýêîíîìèè áóìàãè.
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Ïîëó÷èâøàÿñÿ ìàòðèöà ðàâíà:

U ′[6,4,2,1,1,1] =

q2(−q2+q−1)
(q2+1)((q−1)q(q2+1)+1)

0 0 x14 0 −x16

0 − q2(q2+q+1)
(q2+1)(q4+q3+q2+q+1)

x23 0 −x25 0

0 x23 x33 0 x35 0
x14 0 0 x44 0 x46

0 x25 −x35 0 q3

q6+q4+q3+q2+1
0

x16 0 0 x46 0 − q3

q6+q4−q3+q2+1


,

(129)

ãäå

x14 =
q(−(q−1)q((q−1)q+1)(q2+q+1)−1)

(q2+1)
√

((q−1)q(q2+1)+1)((q2+1)(q4−q+1)q2+1)
, x16 =

√
(q4+1)((q2+1)(q4−q+1)q2+1)

q6+q4−q3+q2+1
,

x23 = − q(q6+q5+q4+q3+q2+q+1)
(q2+1)

√
(q4+q3+q2+q+1)((q2+1)(q4+q+1)q2+1)

, x25 =

√
(q4+1)((q2+1)(q4+q+1)q2+1)

q6+q4+q3+q2+1
,

x33 = q2

((q−1)q+1)(q2+1)
− 1, x35 =

q
√

(q4+1)(q4+q3+q2+q+1)

q6+q4+q3+q2+1
,

x44 = 1− q2

q4+q3+2q2+q+1
, x46 = − q

√
(q4+1)((q−1)q(q2+1)+1)

q6+q4−q3+q2+1
.

(130)

U ′[6,4,2,1,1,1] áëî÷íî-äèàãîíàëüíà ñ áëîêàìè 3× 3.

4.7 Ïðåäñòàâëåíèå [4,1]

[4, 1]⊗2 = [8, 2]⊕ [8, 1, 1]⊕ [7, 3]⊕ [7, 2, 1]⊕ [7, 2, 1]⊕ [7, 1, 1, 1]⊕ [6, 4]⊕

[6, 3, 1]⊕ [6, 3, 1]⊕ [6, 2, 2]⊕ [6, 2, 1, 1]⊕ [5, 5]⊕ [5, 4, 1]⊕ [5, 4, 1]⊕

[5, 3, 2]⊕ [5, 3, 1, 1]⊕ [4, 4, 2]⊕ [4, 4, 1, 1].

(131)

Ñîáñòâåííûå çíà÷åíèÿ ðàâíû:

λ[8,2] = q−27, λ[8,1,1] = −q−25, λ[7,3] = −q−21,
λ[7,2,1]± = ±q−18, λ[7,1,1,1] = q−15, λ[6,4] = q−17,
λ[6,3,1]± = ±q−13, λ[6,2,2] = q−11, λ[6,2,1,1] = −q−9,
λ[5,5] = −q−15, λ[5,4,1]± = ±q−10, λ[5,3,2] = −q−7,
λ[5,3,1,1] = q−5, λ[4,4,2] = q−5, λ[4,4,1,1] = −q−3.

(132)

Ñðåäè íèõ åñòü âñåãî îíà ïàðà ñëó÷àéíî ñîâïàäàþùèõ ñîáñòâåííûõ çíà÷åíèé:

λ[5,3,1,1] = λ[4,4,2] = q−5. (133)
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Ìàòðèöû ñî ñëó÷àéíî ñîâïàäàþùèìè ñîáñòâåííûìè çíà÷åíèÿìè
[4, 1]

ðàç- ïðåäñòàâ- ñîáñòâåííûå çíà÷åíèÿ result blocks
ìåð ëåíèå êðàòíûå ñëó÷àéíûå

4 [5,4,3,2,1] - λ2 = λ3 + (3,1)

6 [5,5,3,2] λ3 = λ4 λ5 = λ6 + (3,3)

[5,4,4,1,1] λ2 = λ3, λ4 = λ5 λ6 = λ7 + (3,3)

[6,4,2,2,1] - λ4 = λ5 -

4.7.1 [5,4,3,2,1]

R[5,4,3,2,1] = diag(−qκ[5,3,2] , qκ[5,3,1,1] , qκ[4,4,2] , −qκ[4,4,1,1]) = diag(−q−7, q−5, q−5, −q−3).
(134)

Ó ýòîé ìàòðèöû òîëüêî îäíà ïàðà ñîâïàäàþùèõ ñîáñòâåííûõ çíà÷åíèé: λ2 = λ3.
Ýëåìåíòû ìàòðèöû ïîâîðîòà ðàâíû:

c
[5,4,3,2,1]
23 = 1√

2
, s

[5,4,3,2,1]
23 = − 1√

2
. (135)

Ïîñëå ïîâîðîòà ìàòðèöà U[5,4,3,2,1] ñòàíîâèòñÿ ðàâíîé:

U ′[5,4,3,2,1] =


q2

(q2+1)2

√
2q
√
q4+q2+1

(q2+1)2 0 q4+q2+1

(q2+1)2

√
2q
√
q4+q2+1

(q2+1)2
q4+1

(q2+1)2 0 −
√

2q
√
q4+q2+1

(q2+1)2

0 0 −1 0

q4+q2+1

(q2+1)2 −
√

2q
√
q4+q2+1

(q2+1)2 0 q2

(q2+1)2

 , (136)

ãäå âûäåëÿþòñÿ áëîêè 3× 3 è 1× 1.

4.7.2 [5,5,3,2]

R[5,5,3,2] = diag(−qκ[5,4,1] , qκ[5,4,1] , −qκ[5,3,2] , −qκ[5,3,2] , qκ[5,3,1,1] , qκ[4,4,2]) =

diag(−q−10, q−10, −q−7, −q−7, q−5, q−5). (137)

Ó ýòîé ìàòðèöû äâå ïàðû ñîâïàäàþùèõ ñîáñòâåííûõ çíà÷åíèé: λ3 = λ4 è λ5 = λ6

(ñëó÷àéíî ñîâïàäàþùèå). Ýëåìåíòû ìàòðèöû ïîâîðîòà â ñåêòîðå 5− 6 ðàâíû:

c
[5,5,3,2]
56 = 1√

2
, s

[5,5,3,2]
56 = − 1√

2
. (138)
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Äëÿ âòîðîãî ïîâîðîòà íåîáõîäèìî èñïîëüçîâàòü äâå ìàòðèöû. Ïîñëå ïîâîðîòîâ ïî-
ëó÷àåì ìàòðèöó:

U ′[5,5,3,2] =

q3

q6+q4+q3+q2+1
0 x13 0 x15 0

0 − q3

q6+q4−q3+q2+1
0 x24 0 −x26

x13 0 x33 0 x35 0
0 x24 0 x44 0 −x46

x15 0 x35 0
q2(q2+q+1)

(q2+1)(q4+q3+q2+q+1)
0

0 x26 0 x46 0
q2(−q2+q−1)

(q2+1)((q−1)q(q2+1)+1)


,

(139)

ãäå

x13 =
q
√

(q4+1)(q4+q3+q2+q+1)

q6+q4+q3+q2+1
, x15 =

√
((q−1)q+1)(q4+1)(q6+q5+q4+q3+q2+q+1)

q6+q4+q3+q2+1
,

x24 = − q
√

(q4+1)((q−1)q(q2+1)+1)

q6+q4−q3+q2+1
, x26 =

√
(q2+q+1)(q4+1)((q−1)q((q−1)q+1)(q2+q+1)+1)

q6+q4−q3+q2+1
,

x33 = q
(

1
q2+1

+ 1
−q2+q−1

)
+ 1, x35 = − q

√
((q−1)q+1)(q4+q3+q2+q+1)(q6+q5+q4+q3+q2+q+1)

(q6+2q4+q3+2q2+q+2)q2+1
,

x44 = 1− q2

q4+q3+2q2+q+1
, x46 = q

√
(q−1)q((q−1)q+1)(q2+q+1)+1

(q2+1)(q6+q4−q3+q2+1)
.

(140)
U ′[5,5,3,2] ðàñïàäàåòñÿ íà áëîêè 3× 3 è 3× 3.

4.7.3 [5,4,4,1,1]

R[5,4,4,1,1] = diag(−qκ[5,4,1] , qκ[5,4,1] , qκ[5,3,1,1] , qκ[4,4,2] , −qκ[4,4,1,1] , −qκ[4,4,1,1]) =

diag(−q−10, q−10, q−5, q−5, −q−3, −q−3). (141)

Ó ýòîé ìàòðèöû åñòü äâå ïàðû ñîâïàäàþùèõ ñîáñòâåííûõ çíà÷åíèé: λ3 = λ4 (ñëó-
÷àéíî ñîâïàäàþùèå) è λ5 = λ6. Äëÿ ïåðâîãî ïîâîðîòà â ñåêòîðå 3 − 4 èñïîëüçóåòñÿ
ìàòðèöà ñ ýëåìåíòàìè

c
[5,4,4,1,1]
34 = 1√

2
, s

[5,4,4,1,1]
34 = − 1√

2
. (142)

U ′[5,4,4,1,1] =


x11 0 x13 0 0 x16

0 x22 0 x24 x25 0
x13 0 x33 0 0 x36

0 −x24 0 x44 x45 0
0 x25 0 −x45 x55 0
x16 0 x36 0 0 x66

 (143)

Ýëåìåíòû ìàòðèöû U ′[5,4,4,1,1] î÷åíü îáúåìíû, ïîýòîìó íå ïåðå÷èñëåíû çäåñü. Ìàòðè-
öà U ′[5,4,4,1,1] ðàñïàäàåòñÿ íà äâà áëîêà 3× 3.
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4.8 Ïðåäñòàâëåíèå [4,2]

[4, 2]⊗2 = [8, 4]⊕ [8, 3, 1]⊕ [8, 2, 2]⊕ [7, 5]⊕ [7, 4, 1]⊕ [7, 4, 1]⊕

[7, 3, 2]⊕ [7, 3, 2]⊕ [7, 3, 1, 1]⊕ [7, 2, 2, 1]⊕ [6, 6]⊕ [6, 5, 1]⊕ [6, 5, 1]⊕

[6, 4, 2]⊕ 2[6, 4, 2]⊕ 6, 4, 1, 1⊕ [6, 3, 3]⊕ [6, 3, 2, 1]⊕ [6, 3, 2, 1]⊕ [6, 2, 2, 2]⊕

[5, 5, 2]⊕ [5, 5, 1, 1]⊕ [5, 4, 3]⊕ [5, 4, 3]⊕ [5, 4, 2, 1]⊕ [5, 4, 2, 1]⊕ [5, 3, 3, 1]⊕

[5, 3, 2, 2]⊕ [4, 4, 4]⊕ [4, 4, 3, 1]⊕ [4, 4, 2, 2].

(144)

Ñîáñòâåííûå çíà÷åíèÿ ðàâíû:

λ[8,4] = q−30, λ[8,3,1] = −q−26, λ[8,2,2] = q−24, λ[7,5] = −q−26, λ[7,4,1]± = ±q−21,
λ[7,3,2]± = ±q−18, λ[7,3,1,1] = q−16, λ[7,2,2,1] = −q−14, λ[6,6] = q−24, λ[6,5,1]± = ±q−18,
λ[6,4,2]± = ±q−14, λ[6,4,1,1] = −q−12, λ[6,3,3] = −q−12, λ[6,3,2,1]± = ±q−9, λ[6,2,2,2] = q−6,
λ[5,5,2] = −q−12, λ[5,5,1,1] = q−10, λ[5,4,3]± = ±q−9, λ[5,4,2,1]± = ±q−6, λ[5,3,3,1] = q−4,
λ[5,3,3,2] = −q−2, λ[4,4,4] = q−6, λ[4,4,3,1] = −q−2, λ[4,4,2,2] = 1.

(145)
Èç íèõ ñëó÷àéíî ñîâïàäàþò ñëåäóþùèå:

λ[8,3,1] = λ[7,5] = −q−26, λ[8,2,2] = λ[6,6] = q−24,
λ[7,3,2]± = λ[6,5,1]± = ±q−18, λ[7,2,2,1] = λ[6,4,2]− = −q−14,
λ[6,4,1,1] = λ[6,3,3] = λ[5,5,2] = −q−12, λ[6,3,2,1]± = λ[5,4,3]± = ±q−9,
λ[6,2,2,2] = λ[5,4,2,1]+ = λ[4,4,4] = q−6, λ[5,3,2,2] = λ[4,4,3,1] = −q−2.

(146)

Ìàòðèöû ñî ñëó÷àéíî ñîâïàäàþùèìè ñîáñòâåííûìè çíà÷åíèÿìè
[4, 2]

ðàç- ïðåäñòàâ- ñîáñòâåííûå çíà÷åíèÿ ðåçóëüòàò áëîêè
ìåð ëåíèå êðàòíûå ñëó÷àéíûå

4 [5,4,3,3,2,1] - λ2 = λ3 + (3,1)

5 [5,5,3,3,1,1] - λ4 = λ5 + (3,2)

6 [5,4,4,2,2,1] λ5 = λ6 λ3 = λ4 + (3,3)

[11,6,1] λ1 = λ2 λ3 = λ4 + (3,3)

4.8.1 [5,4,3,3,2,1]

R[5,4,3,3,2,1] = diag(qκ[5,3,3,1] , −qκ[5,3,2,2] , −qκ[5,5,3,1] , qκ[4,4,2,2]) =

diag(q−4, −q−2, −q−2, 1). (147)

36



Ó ýòîé ìàòðèöû âñåãî îäíà ïàðà ñîâïàäàþùèõ ñîáñòâåííûõ çíà÷åíèé: λ2 = λ3. Äëÿ
ïîâîðîòà èñïîëüçóåòñÿ ìàòðèöà ñ ýëåìåíòàìè:

c
[5,4,3,3,2,1]
23 = 1√

2
, s

[5,4,3,3,2,1]
23 = − 1√

2
(148)

Â ðåçóëüòàòå ïîëó÷àåì áëî÷íî-äèàãîíàëèçîâàííóþ ìàòðèöó:

U ′[5,4,3,3,2,1] =


q2

(q2+1)2

√
2q
√
q4+q2+1

(q2+1)2 0 − q4+q2+1

(q2+1)2

−
√

2q
√
q4+q2+1

(q2+1)2 − q4+1

(q2+1)2 0 −
√

2q
√
q4+q2+1

(q2+1)2

0 0 1 0

− q4+q2+1

(q2+1)2

√
2q
√
q4+q2+1

(q2+1)2 0 q2

(q2+1)2

 (149)

ñ áëîêàìè 3× 3 è 1× 1.

4.8.2 [5,5,3,3,1,1]

R[5,5,3,3,1,1] = diag(−qκ[5,4,2,1] , qκ[5,4,2,1] , qκ[5,3,3,1] , −qκ[5,3,2,2] , −qκ[4,4,3,1]) =

diag(−q−6, q−6, q−4, −q−2, −q−2) (150)

λ4 = λ5 ñëó÷àéíî ñîâïàäàþò. Ïîñëå ïîâîðîòà ìàòðèöåé ñ ýëåìåíòàìè

c
[5,5,3,3,1,1]
45 = 1√

2
, s

[5,5,3,3,1,1]
45 = − 1√

2
(151)

ïîëó÷àåì ìàòðèöó ñ áëîêàìè 3× 3 è 2× 2.

4.8.3 [5,4,4,2,2,1]

R[5,4,4,2,2,1] = diag(−qκ[5,4,2,1] , qκ[5,4,2,1] , −qκ[5,3,2,2] , −qκ[4,4,3,1] , qκ[4,4,2,2] , qκ[4,4,2,2]) =

diag(−q−6, q−6, −q−2, −q−2, 1, 1). (152)

Ó ýòîé ìàòðèöû åñòü äâå ïàðû ñîâïàäàþùèõ ñîáñòâåííûõ çíà÷åíèé: λ3 = λ4 (ñëó÷àé-
íî ñîâïàäàþùèå), λ5 = λ6.

c
[5,4,4,2,2,1]
34 = 1√

2
, s

[5,4,4,2,2,1]
34 = − 1√

2
, (153)

c
[5,4,4,2,2,1]
1,56 =

√
(q4+q2+1)(q8+1)

2(q12+2q8−q6+2q4+1)
, s

[5,4,4,2,2,1]
1,56 = − q4+1√

2
√
q8+q6+2q4+ 1

q4−q2+1

,

c
[5,4,4,2,2,1]
2,56 = q4+1√

2
√
q8+q6+2q4+ 1

q4−q2+1

, s
[5,4,4,2,2,1]
2,56 =

(q4+q2+1)(q8+1)
√

2
√

(q12+2q8−q6+2q4+1)(q12+q10+q8+q4+q2+1)
.

(154)
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U ′[5,4,4,2,2,1] =

− q4

q8+q6+2q4+q2+1
0 x13 0 0 x16

0 q4

q8+q6+q2+1
0 x24 x25 0

x13 0 q2

q4+1
− 1 0 0 q√

q4+q2+1

0 −x24 0 q4+q2+1

(q2+1)2

q
√

(q4−q2+1)(q8+1)

q8+q6+q2+1
0

0 x25 0 −
q

√
q8+1

q4−q2+1

(q2+1)2 − q6+q2

q8+q6+q2+1
0

−x16 0 − q√
q4+q2+1

0 0 q2

q4+q2+1


,

(155)

ãäå

x13 =
q
√

(q2+1)(q8+q6+2q4+q2+2)q2+1

q8+q6+2q4+q2+1
, x16 =

√
q8+q6+q4+q2+1

q4+q2+1
,

x24 =
q
√
q12+q8+q6+q4+1

q8+q6+q2+1
, x25 = −

√
(q4−q2+1)(q8+1)(q12+q8+q6+q4+1)

(q6+1)2 .
(156)

Ìàòðèöà U ′[5,4,4,2,2,1] ðàñïàäàåòñÿ íà äâà áëîêà 3× 3.

4.8.4 [11,6,1]

R[11,6,1] = diag(qκ[8,4] , qκ[8,4] , −qκ[8,3,1] , −qκ[7,5] , −qκ[7,4,1] , qκ[7,4,1]) =

diag(q−30, q−30, −q−26, −q−26, −q−21, q−21). (157)

Ó ìàòðèöû åñòü äâå ïàðû ñîâïàäàþùèõ ñîáñòâåííûõ çíà÷åíèé: λ1 = λ2 è λ3 = λ4

(ñëó÷àéíî-ñîâïàäàþùèå).

c
[11,6,1]
34 = 1√

2
, s

[11,6,1]
34 = − 1√

2
. (158)

Ïîñëå ïîâîðîòà ïîëó÷àåì ìàòðèöó

U ′[11,6,1] =


x11 0 x13 0 x15 0
0 x22 0 x24 0 x26

x13 0 x33 0 x35 0
0 −x24 0 x44 0 −x46

x15 0 x35 0 x55 0
0 x26 0 x46 0 x66

 , (159)

U ′[11,6,1] ñîäåðæèò äâà áëîêà 3× 3.

Çàêëþ÷åíèå

R-ìàòðèöà � îñíîâíîé èíãðåäèåíò, íåîáõîäèìûé ïðè âû÷èñëåíèè ïîëèíîìîâ ÕÎÌÔËÈ-
ÏÒ (âèëüñîíîâñêèõ ñðåäíèõ â òåîðèè ×åðíà-Ñàéìîíñà) â ðàìêàõ òåîðåòèêî-ãðóïïîâîãî
ïîäõîäà. Â äàííîé ðàáîòå èçëîæåíû êàê óæå èçâåñòíûå ñâîéñòâà R-ìàòðèö, òàê è
îðèãèíàëüíûå ðåçóëüòàòû.
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Îäíèì èç ðåçóëüòàòîâ ÿâëÿåòñÿ îáîáùåíèå ãèïîòåçû î ñîáñòâåííûõ çíà÷åíèÿõ íà
R-ìàòðèöû ñ ñîâïàäàþùèìè ñîáñòâåííûìè çíà÷åíèÿìè.

Âû÷èñëåíèÿ ïîêàçàëè, ÷òî íåêîòîðûå R-ìàòðèöû ñ ñîâïàäàþùèìè ñîáñòâåííûìè
çíà÷åíèÿìè ìîæíî ïðåîáðàçîâàòü ê áëî÷íî-äèàãîíàëüíîìó âèäó. Íåîáõîäèìûì óñëî-
âèåì îêàçàëîñü íàëè÷èå óR-ìàòðèöû ïàðû ñîâïàäàþùèõ ñîáñòâåííûõ çíà÷åíèé. Äëÿ
ìàòðèö ðàçìåðîì 6× 6 è áîëüøå ïîÿâëÿåòñÿ äîïîëíèòåëüíîå óñëîâèå: ó R-ìàòðèöû
òàêæå äîëæíû áûòü êðàòíûå ñîáñòâåííûå çíà÷åíèÿ: îäíà ïàðà äëÿ ìàòðèö 6 × 6 è
äâå ïàðû äëÿ ìàòðèö 8 × 8. Ïðè ýòîì ïîëó÷èâøèåñÿ áëîêè óäîâëåòâîðÿþò ãèïîòåçå
î ñîáñòâåííûõ çíà÷åíèÿõ.

Êàê áûëî îïèñàíî ðàíåå,R-ìàòðèöû ìîæíî âû÷èñëÿòü äëÿ ëþáûõ íåïðèâîäèìûõ
êîíå÷íîìåðíûõ ïðåäñòàâëåíèé Uq(su(N)). Ýòî îñîáåííî âàæíî ñ òî÷êè çðåíèÿ òåîðèè
óçëîâ, ïîòîìó ÷òî ñóùåñòâóåò öåëûé êëàññ óçëîâ, êîòîðûå íå ðàçëè÷àþòñÿ ïîëèíî-
ìàìè ÕÎÌÔËÈ-ÏÒ â ôóíäàìåíòàëüíîì ïðåäñòàâëåíèè � óçëû-ìóòàíòû. Ïðè ýòîì,
åñëè äîáàâèòü äîïîëíèòåëüíóþ ñèììåòðèþ â ñòðóêòóðó òàêèõ óçëîâ, òî ïåðâîå ïðåä-
ñòàâëåíèå, êîòîðîå áóäåò èõ ðàçëè÷àòü � [4, 2]. Ýòîò ôàêò ïðåäëàãàëîñü ïðîâåðèòü
ïðÿìûì âû÷èñëåíèåì ïîëèíîìîâ ÕÎÌÔËÈ-ÏÒ òàêèõ óçëîâ, ÷òî è áûëî ïðîäåëàíî.

Ðàçâèòûå â äàííîì èññëåäîâàíèè ìåòîäû ïîçâîëÿò ïðîäîëæèòü ðàáîòó êàê â íà-
ïðàâëåíèè îáîáùåíèÿ ãèïîòåçû î ñîáñòâåííûõ çíà÷åíèÿõ, òàê è ïî èçó÷åíèþ ïîëè-
íîìîâ óçëîâ-ìóòàíòîâ.
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