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1 Ââåäåíèå

Â íàñòîÿùåå âðåìÿ ñóùåñòâóåò ìîäåëü, ãäå â êà÷åñòâå òåìíîé ìåòåðèè
ðàññìàòðèâàþòñÿ àêñèîíû�êâàíòû ïîëÿ Ïå÷÷åè�Êâèíí. Íî â äàííîé ìî-
äåëè ñóùåñòâóþò ñîëèòîíîïîäîáíûå ðåøåíèÿ�àêñèîííûå êîñìè÷åñêèå ñòðó-
íû, õàðàêòåðíàÿ òîëùèíà êîòîðûõ ñ ðåàëèñòè÷íûìè çíà÷åíèÿìè ∼ 1√

λυ

î÷åíü ìàëà [1]. Âû÷èñëåíèå ñ äàííûìè çíà÷åíèÿìè íå ïðåäñòàâëÿåòñÿ
âîçìîæíûì.Äëÿ èçáåæàíèÿ ýòîé ïðîáëåìû òåîðèþ ñëåäóåò ïðîìîäèôè-
öèðîâàòü òàêèì îáðàçîì, ÷òîáû òîëùèíà àêñèîííûõ ñòðóí óâåëè÷èëàñü,à
ïîãîííàÿ ìàññà îñòàëàñü ïðåæíåé. Â äàííîé ðàáîòå ïðåäñòàâëåíî îïèñà-
íèå àêñèîííûõ ñòðóí, à òàêæå ïðîèçâåäåíà ìîäèôèêàöèÿ.

2 Ñòðóíû â ìîäåëè Ïå÷åèè�Êâèíí

Ðàññìîòðèì ìîäåëü Ïå÷åèè�Êâèíí. Â äàííîé ìîäåëè èìååòñÿ êîìïëåêñ-
íîå ñêàëÿðíîå ïîëå ϕ. À ëàãðàíæèàí èìååò âèä

L = ∂µϕ
∗∂µϕ− V (|ϕ|) (1)

ãäå ïîòåíöèàë V (|ϕ|) = λ
2
(ϕ∗ϕ − υ2). Ïðîâàðüèðóåì äåéñòâèå S è ïîëè-

ó÷èì óðàâíåíèÿ Ýéëåðà�Ëàãðàíæà:

S =

∫
d4x[∂µϕ

∗∂µϕ−
λ

2
(ϕ∗ϕ− υ2)]{

∂µ∂µϕ
∗ − λϕ∗(ϕ∗ϕ− υ2) = 0

∂µ∂µϕ− λϕ(ϕ∗ϕ− υ2) = 0
(2)

Íàì íóæíî íàéòè êîíôèãóðàöèþ ïîëÿ ñîîòâåòñòâóþùóþ ñòàò÷åñêîé ñî-
ëèòîííîé ñòðóíå , ïðîòÿæåííîé âäîëü ïðîñòðàíñòâåííîãî èçìåðåíèÿ x3.
Ñïåðâà ïîòðåáóåì êîíå÷íîñòü ëèíåéíîé ïëîòíîñòè ýíåðãèè E = W

x3

E =

∫
d2x[∂iϕ

∗∂iϕ+ V (|φ|)] (3)

Äëÿ ýòîãî íåîáõîäèìî ÷òîáû V (|ϕ|) → 0 ïðè |x| → ∞ ò.å. |ϕ| → υ ïðè
|x| → ∞. Çàôèêñèðóåì îêðóæíîñòü ðàäèóñà R ñ öåíòðîì â íà÷àëå êî-
îðäèíàò. Òîãäà ïðè áîëüøîì R ìîäóëü ïîëÿ áóäåò ðàâåí υ, à çíà÷èò
ïîëå íà îêðóæíîñòè áóäåò èìåòü âèä ϕ = υeif(θ), ãäå θ � ïîëÿðíûé óãîë.
Ýòà ôóíêöèÿ ïðåäñòàâëÿåò ñîáîé îòîáðàæåíèå îêðóæíîñòè ðàäèóñà R â
îêðóæíîñòü ðàäèóñà υ â êîìïëåêñíîé ïëîñêîñòè. ïðè |x| → ∞

ϕ(θ = 0) = ϕ(θ = 2π)
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eif(0) = eif(2π)

ei(f(0)−f(2π)) = ei2πn

n =
f(0)− f(2π)

2π

÷èñëî n ÿâëÿåòñÿ öåëûì è íàçûâàåòñÿ ÷èñëîì íàìàòûâàíèé. ýòî ÷èñëî
ÿâëÿåòñÿ èíòåãðàëîì äâèæåíèÿ è îïèñûâàåò êîíôèãóðàöèþ ïîëÿ. ×èñ-
ëî íàìàòûâàíèé íå ìîæåò èçìåíèòüñÿ ïðè ãëàäêîé ýâîëþöèè ïîëåé, íå
çàòðàãèâàþùåé ïîëÿ íà ïðîñòðàíñòâåííîé áåñêîíå÷íîñòè.Òàêèì îáðà-
çîì ìíîæåñòâî âñåõ ïîëåé ìîæíî ðàçáèòü íà íåïåðåñåêàþùèåñÿ êëàñ-
ñû(ñåêòîðà),õàðàêòåðèçóåìûå ÷èñëîì n. Âûáåðåì ñåêòîð ñ n=1. Ïåðåé-
äåì ê öèëèíäðè÷åñêèì êîîðäèíàòàì. Îáùèé âèä ïîëÿ áóäåò ϕ = F (r)eiθ.
Ïîäñòàâèâ ýòî âûðàæåíèå â óðàâíåíèå ïîëÿ(2), ïîëó÷èì

∂µ∂µF (r)e−iθ − λFe−iθ(F 2 − υ2) = 0

ò.ê. ðåøåíèå ñòàòè÷åñêîå, òî ∂0ϕ = 0

−∆F (r)e−iθ − λFe−iθ(F 2 − υ2) = 0

∆ =
∂2

∂r2
+

∂

r∂r
+

∂2

r2∂Θ2

F
′′
e−iθ +

F
′
e−iθ

r
+

(−1)2i2Fe−iθ

r2
− λFe−iθ(F 2 − υ2) = 0

F
′′

+
F
′

r
− F

r2
− λF (F 2 − υ2) = 0 (4)

Äàííîå äèôôåðåíöèàëüíîå óðàâíåíèå íåâîçìîæíî ðåøèòü àíàëèòè÷å-
ñêè. Èòàê,F → υ ïðè r →∞ . à ïðè r → 0 :ϕ1(r = 0) = lim

r→0
F (r)eiθ1

ϕ2(r = 0) = lim
r→0

F (r)eiθ2

ϕ1(r = 0) = ϕ2(r = 0)

ei(θ1−θ2) lim
r→0

F (r) = 0⇒ F → 0, r → 0

Íàéäåì àñèìïòîòèêó. Â ñèëó ðåãóëÿðíîñòè ðåøåíèÿ ïðè r → 0 : F1(r) =
C1r+C2r

3 +C3r
5 +o(r5) Ïðè r →∞ F → υ çíà÷èò F ìîæíî ïðåäñòàâèòü

êàê F = υ + p ïðè áîëüøîì r. ïîäñòàâèì ýòî â óðàâíåíèå äâèæåíèÿ(4):

(υ + p)
′′ − (p+ υ)

r2
+

(p+ υ)
′

r
− λF (F 2 − υ2) = 0
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òîãäà p = −C0r
−2 è F2 = υ + C0r

−2

Äëÿ óïðîùåíèÿ âû÷èñëåíèé ïðèâåäåì óðàâíåíèíå äâèæåíèÿ ê âèäó
ñ áåçðàçìåðíûìè êîýôôèöèåíòàìè c ïîìîùüþ çàìåíû r̃ = r

√
λυ ϕ̃ = ϕ

υ

òîãäà ïðèâåäåííîå óðàâíåíèå äâèæåíèÿ áóäåò èìåòü âèä

F
′′

+
F
′

r̃
− F

r̃2
− F (F 2 − 1) = 0 (5)

çàïèøåì â âèäå ýêâèâàëåíòíîé ñèñòåìûy
′

0 = y1

y
′

1 = −y1

r
+
y0

r2
+ y0(y2

0 − 1)

Ñ íà÷àëüíûìè óñëîâèÿìè {
y0(0) = 0

y1(0) = C1

Ðåøåíèå íàõîäèì ÷èñëåííî ñ ïîìîùü ìåòîäà ïðèñòðåëêè è ìåòîäà Áóëèðøà�
Øò¼ðà[3].íåèçâåñòíûé ïàðàìåòð C1 ïîäáèðàåòñÿ òàêèì îáðàçîì, ÷òîáû F
èìåëà íóæíóþ àñèìïòîòèêó íà áåñêîíå÷íîñòè.

Ðèñ. 1: Ïðîôèëü ñòðóíû â ìîäåëè Ïå÷÷åè�Êâèíí

Ýíåðãèÿ(3) â öèëèíäðè÷åñêèõ êîîðäèíàòàõ áóäåò èìåòü âèä

E = 2π

∞∫
0

dr(r[(F
′
)2 +

F 2

r2
+
λ

2
(F 2 − υ2)2])
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À â ïðèâåäåííîì âèäå Ẽ = E
υ2

Ẽ = 2π

∞∫
0

dr̃(r̃[(F
′
)2 +

F 2

r̃2
+

1

2
(F 2 − 1)2]) (6)

Êàê ìîæíî çàìåòèòü (6) ÿâëÿåòñÿ íåñîáñòâåííûì èíòåãðàëîì ïåðâîãî
ðîäà è ðàñõîäèòñÿ. Ïîýòîìó ìû âîçüìåì âåëè÷èíó L(ðàçìåð "áîêñà") â
êà÷åñòâå âåðõíåãî ïðåäåëà èíòåãðèðîâàíèÿ. Ôèçè÷åñêè ýòîò ðàçìåð ìî-
æåò èãðàòü ðîëü ðàññòîÿíèÿ äî ñîñåäíåé ñòðóíû.

Ðèñ. 2: Ëèíåéíàÿ ïëîòíîñòü ýíåðãèè àêñèîííîé ñòðóíû

3 Ñòðóíû â êðèâîëèíåéíûõ êîîðäèíàòàõ

Ôóíêöèþ ïåðåõîäà ê êðèâîëèíåéíûì êîîðäèíàòàì r̄ = g(r̃) ÿâëÿåòñÿ
âçàèìîîäíîçíà÷íûì îòîáðàæåíèåì,ïîýòîìó äëÿ íåå ñóùåñòâóåò îáðàòíàÿ
r̃ = g−1(r̄) = G(r̄). Çàïèøåì âûðàæåíèÿ äëÿ ëèíåéíîé ïëîòíîñòè ýíåðãèè
â ýòèõ êðèâîëèíåéíûõ êîîðäèíàòàõ:

Ẽ = 2π

∞∫
0

dr̄(r̄[
G(r̄)

r̄G′(r̄)
(F
′
)2 +

G
′
(r̄)

r̄G(r̄)
F 2 +

G(r̄)G
′
(r̄)

r̄

(F 2 − 1)2

2
]) (7)
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Òåïåðü Ïðîâàðüèðóåì (7) ïî F è ïîëó÷èì óðàâíåíèå äâèæåíèÿ â êîîð-
äèíàòàõ, çàäàííûõ ôóíêöèåé r̄ = g(r̃):

α(r̄)F
′′

+ α
′
(r̄)F

′ − G
′
(r̄)

G(r̄)
−G′(r̄)G(r̄)F (F 2 − 1) = 0 (8)

ãäå α(r̄) = G(r̄)

G′ (r̄)

Ïîäáåðåì êðèâîëèíåéíûå êîîðäèíàòû òàêèì îáðàçîì, ÷òîáû ïðè áîëü-
øèõ r̄g(r̃) → r̄ à â îêðåñòíîñòè íóëÿ îñóùåñòâëÿëà ðàñòèæåíèå â A ðàç.
Òàê êàê â (1) åñòü òîëüêî îáðàòíûå ôóíêöèè G(r̄). Îáðàòíàÿ ôóíêöèÿ
òàêæå ñòðåìèòñÿ ê r̃ ïðè áîëüøèõ r̄, à â îêðåñòíîñòè íóëÿ îñóùåñòâëÿåò
ñæàòèå. Çàäàäèì ïðîèçâîäíóþ ýòî ôóíêöè â âèäå

G
′
(x) =

B − A
exp(a(x− d)) + 1

+ A+
1− A

exp(−a(x− b)) + 1

Ïîòðåáóåì, ÷òîáû ïðè áîëüøèõ x:
x∫
0

(G
′
(ξ)dξ) = x, a â òî÷êå x = 0:

G(0) = 0 òîãäà ôóíêöèÿ G(x) áóäåò èìåòü âèä:

G(x) = (B − A+ 1)x+ ln
(exp(−a(x− b)) + 1)

1−A
a

(exp(a(x− d)) + 1)
B−A

a

− ln (exp(ab) + 1)
1−A
a

(exp(−ad) + 1)
B−A

a

Çàôèêñèðîâàâ ïàðàìåòðû a = 5; b = 6;A = 5; d = 5, âûðàçèì ïàðàìåòð
B. Ïîäñòàâèì ïîëóåííóþ ôóíêöèþ â óðàâíåíèå (8) è ðåøèì ðåøèì ÷èñ-
ëåííî, ïîäîáíî òîìó êàê ýòî áûëî ñäåëàíî â ïðîøëîì ïàðàãðàôå. Çà-
ìåòèì, ÷òî òåïåðü õàðàêòåðíûé ðàçìåð êîðà ñòðóíû óâåëè÷èëñÿ(ðèñ.3),
ïðè íåèçìåííîé ïîãîííîé ìàññå(ðèñ.4).Èìåííî òàêîãî ýôôåêòà íóæíî
äîñòèãíóòü â ìîäèôèöèðîâàííîé ìîäåëè
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Ðèñ. 3: Ïðîôèëü àêñèîííîé ñòðóíû â êðèâîëèíåéíûõ êîîðäèíàòàõ

Ðèñ. 4: Ëèíåéíàÿ ïëîòíîñòü ýíåðãèè ñòðóíû â êðèâîëèíåéíûõ êîîðäèíà-
òàõ

4 Ìîäèôèöèðîâàíèå ìîäåëè

Òåïåðü ñëåäóåò ïðîìîäèôèöèðîâàòü ìîäåëü òàêèì îáðàçîì,÷òîáû
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5 Çàêëþ÷åíèå

Â ðàáîòå áûëè ïîëó÷åíû ñëåäóþùèå ðåçóëüòàòû:

• Áûë ïîëó÷åí ïðîôèëü ñòðóíû â ìîäåëè Ïå÷÷åè�Êâèí

• Áûë ïîëó÷åí ïðîôèëü àêñèîííîé ñòðóíû â êðèâîëèíåéíûõ êîîð-
äèíàòàõ

•
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