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Ââåäåíèå

Èíòåðåñ ïðè ðàññìîòðåíèè äâóìåðíîé òåîðèè ãðàâèòàöèè ïðåäñòàâëÿåò òî,
÷òî îíà íå ìîæåò áûòü îñíîâàíà íà îáû÷íîì äåéñòâèå
Ãèëüáåðòà-Ýéíøòåéíà , ãäå R - ñêàëÿðíàÿ êðèâèçíà, gµν - ìåòðèêà íà
ìíîãîîáðàçèå, g = det(gµν), Λ - êîñìîëîãè÷åñêàÿ ïîñòîÿííàÿ, (µ, ν = 0, 1):

SHE [g] =
∫

d2x
√
−g(R− 2Λ). (1)
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Ââåäåíèå

Ïðîäåìîíñòðèðóåì ýòî, àíàëèçèðóÿ óðàâíåíèå äâèæåíèå , ïîëó÷åííîå èç
(1) âàðüèðîâàíèåì ïî gµν :

Rµν −
1

2
gµνR + Λgµν = 0. (2)

Ìîæíî ïîêàçàòü, ÷òî íà ìíîãîîáðàçèè ðàçìåðíîñòè 2, ïåðâûå äâà
ñëàãàåìûõ â âûðàæåíèå (2) ðàâíû íóëþ, òîãäà:

Λgµν = 0. (3)

Âûðàæåíèå (3) ðàâíî íóëþ, êîãäà:

gµν = 0, (4)

÷òî íåâîçìîæíî, òàê êàê ìåòðèêà äîëæíà áûòü íåâûðîæäåííîé, ëèáî
êîãäà:

Λ = 0. (5)

Íî åñëè ìû õîòèì ðàññìàòðèâàòü òåîðèþ ñ íåíóëåâîé Λ, òî äåéñòâèå (1) íå
ïîäõîäèò. Ïðè Λ = 0 , SHE - òîïîëîãè÷åñêèé èíâàðèàíò.

Óäàëîâ Ä. Ã. (Ôèçè÷åñêèé ôàêóëüòåò ÌÃÓ Íàó÷íûé ðóêîâîäèòåëü: ê.ô.-ì.í. Àëêàëàåâ Ê. Á. (ÎÒÔ ÔÈÀÍ) )Äâóìåðíàÿ ãðàâèòàöèÿ Äæàêèâà-Òåéòåëüáîéìà â ðåïåðîì âèäåMay 19, 2020 3 / 15



Ââåäåíèå

Ðåøèòü äàííóþ ïðîáëåìó ìîæíî ïóòåì ââåäåíèÿ ñêàëÿðíîãî ïîëÿ N,
êîòîðîå íàçûâàþò äèëàòîíîì. Çàïèøåì äåéñòâèå, êîòîðîå íàçûâàþò
äåéñòâèåì Äæàêèâà-Òåéòåëüáîéìà [1],

SJT [g,N] =
∫

d2x
√
−g(R− 2Λ)N. (6)

Ïîñëå âàðüèðîâàíèÿ ïî gµν è N, ïîëó÷àåì ñèñòåìó óðàâíåíèé [2]:{
R = 2Λ,
(∇µ∇ν − gµν∇2)N + Λgµν = 0,

(7)

ãäå
∇νN = ∂νN, (8)

∇µ∂νN = ∂µ∂νN− Γσ
µν∂σN, (9)

∇2 = gµν∇µ∇ν . (10)
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BF-òåîðèÿ

Íà÷íåì ñ îïèñàíèÿ àëãåáðû àíòè-äå Ñèòòåðà:

[J,Pa] = εbaPb, (11)

[Pa,Pb] = ΛεabJ, (12)

ãäå Pa (a, b = 0, 1) - ãåíåðàòîðû òðàíñëÿöèé, J - ãåíåðàòîð ëîðåíöåâñêîãî
áóñòà,
εab - ñèìâîë Ëåâè-×èâèòû ñ íîðìèðîâêîé ε01 = 1, a ìåòðèêà Ìèíêîâñêîãî
èìååò âèä: ηab = diag(−1, 1).
Îáúåäèíÿÿ (11) è (12) â îäíî âûðàæåíèå è ïåðåîáîçíà÷àÿ ãåíåðàòîðû,
êàê: (Ti) = (T0,T1,T2) = (P0,P1, J), ïîëó÷àåì:

[Ti,Tj] = ΛεijkgklTl, (13)

ãäå (i, j, k, l) ïðîáåãàþò çíà÷åíèå îò 0 äî 2, òåíçîð

gij =
(

Ληab 0
0 1

)
, (14)

ýòî ìåòðèêà Êèëëèíãà.
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BF-òåîðèÿ

Áóäåì îïèñûâàòü âåëè÷èíû ëåæàùèå â àëãåáðå èñïîëüçóÿ òåòðàäíûé
ôîðìàëèçì [3]. Òåòðàäû ââîäÿòñÿ, êàê íåêîòîðûé ýêâèâàëåíò ìåòðèêè, è
ïî îïðåäåëåíèþ:

gµν = eaµe
b
νηab, (15)

ãäå eaµ - òåòðàäà. Òàêæå ìîæíî ââåñòè ¾îáðàòíóþ¿ òåòðàäó:

eaµe
µ
b = δab. (16)

Ìîæíî ïîäíèìàòü è îïóñêàòü ëàòèíñêèå èíäåêñû èñïîëüçóÿ ηab:

eaν = ebνηab. (17)
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BF-òåîðèÿ

Òåòðàäû èìåþò îäèí òåíçîðíûé èíäåêñ ïî îòíîøåíèþ ê ãðóïïå
îáùåêîîðäèíàòíûõ ïðåîáðàçîâàíèé è îäèí òåíçîðíûé èíäåêñ ïî
îòíîøåíèþ ê ëîêàëüíîé ãðóïïå Ëîðåíöà. Ïîýòîìó íóæíî ââåñòè òàêîé
îáúåêò êàê ñïèíîâàÿ ñâÿçíîñòü, êîòîðûé îáëàäàåò òàêèì æå ñìûñëîì, êàê
è ñèìâîë Êðèñòîôôåëÿ ïðè ïîñòðîåíèè îïðåäåëåíèÿ êîâàðèàíòíîé
ïðîèçâîäíîé:

ωab = ωabµ dxµ. (18)

Ëàòèíñêèå èíäåêñû ó ñïèíîâîé ñâçÿíîñòè ìîæíî ïîäíèìàòü è îïóñêàòü,
òàêæå, êàê ó òåòðàä. Âûðàæåíèå (18) àíòèñèììåòðè÷íî ïðè ïåðåñòàíîâêå
äâóõ âåðõíèõ èíäåêñîâ: ωab = −ωba ïîýòîìó â ðàçìåðíîñòè 2 ìîæíî
çàïèñàòü:

ωab = εabω, (19)

ãäå
ω ≡ ωµdx

µ. (20)
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BF-òåîðèÿ

Íà ìíîæåñòâå äèôôåðåíöèàëüíûõ 1-ôîðì îïðåäåëèì ñëåäóþùèå
îïåðàòîðû:

dA = (∂µAν − ∂νAµ)dxµdxν , (21)

A ∧ B = (AµBν −AνBµ)dxµdxν . (22)

Â àëãåáðå îïðåäåëèì ñëåäóþùèå âåëè÷èíû:
1 Êàëèáðîâî÷íàÿ ñâÿçíîñòü (1-ôîðìà):

A = Aµdx
µ = (eaµPa + wµJ)dxµ. (23)

2 Ñêàëÿðíîå ïîëå (0-ôîðìà):

φ = φiTi = φ0T0 + φ1T1 + φ2T2. (24)

3 Êðèâèçíà (2-ôîðìà) [2]:

F = dA + 1

2
[A ∧A] = 1

2
FjµνTjdx

µ ∧ dxν , (25)

ãäå

Fjµν = (dAj)µν + Λ
2
εklm(Ak ∧Al)µνg

mj. (26)
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BF-òåîðèÿ

Âûïèøåì êîìïîíåíòû (27):

Fj=0µν = (de0)µν + (ω ∧ e1)µν , (27)

Fj=1µν = (de1)µν + (ω ∧ e0)µν , (28)

Fj=2µν = (dw)µν + Λ(e0 ∧ e1)µν . (29)

Äåéñòâèå BF-òåîðèè èìååò âèä [2]:

SBF [φ,A] =
∫
〈φF〉, (30)

ãäå 〈〉 ñêàëÿðíîå ïðîèçâåäåíèå, êîòîðîå îïðåäåëÿåòñÿ ìåòðèêîé Êèëëèíãà
(14), êàê:

〈Ti,Tj〉 = gij. (31)

Òîãäà âûðàæåíèå (31) ïðèìåò âèä:

SBF [φ,A] = 1

2

∫
d2xεµνgijφ

iFjµν . (32)
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BF-òåîðèÿ

Òîãäà âûðàæåíèå (31) ïðèìåò âèä:

SBF [φ,A] = 1

2

∫
d2xεµνgijφ

iFjµν . (33)

Ïðîâàðüèðóåì äåéñòâèå (33) ïî φ è A: [4]
Óðàâíåíèå íóëåâîé êðèâèçíû:

δSBF [φ,A]
δφi

= Fi = 0, (34)

Óðàâíåíèå êîâàðèàíòíîãî ïîñòîÿíñòâà:

δSBF [φ,A]
δAi

= Dφi = 0, (35)
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BF-òåîðèÿ

Ðàñïèøåì äåéñòâèå (33) â êîìïîíåíòàõ:

SBF [φ,A] = 1

2

∫
(φ2(∂0ω1 − ∂1ω0 + Λ(e00e11 − e01e

1
0))

− Λφ0(∂0e01 − ∂1e00 + (ω0e11 − ω1e10))
+ Λφ1(∂0e11 − ∂1e10 + (ω0e01 − ω1e00)))dx0 ∧ dx1. (36)

Èñïîëüçóÿ (28), (29) è (34) ïîëó÷àåì íåâûðîæäåííóþ ëèíåéíóþ ñèñòåìó
àëãåáðàè÷åñêèõ óðàâíåíèÿ íà ω:{

∂0e
0
1 − ∂1e00 + (ω0e11 − ω1e10) = 0,

∂0e
1
1 − ∂1e10 + (ω0e01 − ω1e00) = 0.

(37)

Èç (37) ïîëó÷àåì:

ωµ = − 1

det e
ηabε

αβeaµ∂βe
b
α. (38)
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BF-òåîðèÿ

Äåéñòâèå (36) ïðèìåò âèä:

SBF [φ,A] = 1

2

∫
(φ2(∂0ω1 − ∂1ω0 + Λ(e00e11 − e01e

1
0))dx0 ∧ dx1. (39)

Ðàññìîòðèì âûðàæåíèå:
∂1ω0 − ∂0ω1. (40)

Âûïèøåì íåîáõîäèìóþ äëÿ (42) ôîðìóëó:

∂a(detA) = detA(A−1)cb∂aAb
c . (41)

Ïîäñòàâëÿÿ â (40) âûðàæåíèå (38) è èñïîëüçóÿ (41), ïîëó÷àåì:

∂1ω0 − ∂0ω1 = ∂νωµε
µν =

= 1

det e
εαβεµν(−eaµ∂β∂νηabe

b
α − ∂νe

a
µ∂βηabe

b
α + eσ

c ∂νe
c
σe

a
µ∂βηabe

b
α), (42)

ãäå εµν - ñèìâîë Ëåâè-×èâèòû ñ íîðìèðîâêîé ε01 = 1
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BF-òåîðèÿ

Ââåäåì íîâóþ âåëè÷èíó:

Ra
b = dωab + ωac ∧ ωcb (43)

Èñïîëüçóÿ (19):
Ra
b = εabdω + εacε

c
bω ∧ ω (44)

Èñïîëüçóÿ ñâîéñòâî âíåøíåãî óìíîæåíèÿ:

ω ∧ ω = 0, (45)

Ra
b = εabdω, (46)

Ra
µνb = εab(dω)µν . (47)

Ïåðåõîäÿ ê ãðå÷åñêèì èíäåêñàì, ìîæíî ïîêàçàòü, ÷òî:

Rλ
σµν = eλ

ae
b
σε

a
b(dω)µν , (48)

ýòî Ðèìàíîâà êðèâèçíà. Ïîäñòàâëÿÿ (38) â (48) è ñðàâíèâàÿ ñ (42) ìîæíî
ïîêàçàòü:

∂νωµε
µν = 1

det e

2Rg

4
= R

2

√
−g. (49)
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BF-òåîðèÿ

Òîãäà (39) ïðèìåò âèä:

SBF [φ,A] = −1
4

∫
φ2
√
−g(R− 2Λ) (50)

Ïîëàãàÿ ïî îïðåäåëåíèþ: N ≡ − 1
4φ

2, ãäå φ2 èç (25) ïîëó÷àåì:

SBF [φ,A] =
∫

d2x
√
−g(R− 2Λ)N. (51)

×òî ñîîòâåòñòâóåò äåéñòâèþ Äæàêèâà Òåéòåëüáîìà, ò.å äâå ìîäåëè
ïîëíîñòüþ ýêâèâàëåíòíû.
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Çàêëþ÷åíèå

Â ðàáîòå áûëî ïîêàçàíî, ÷òî òåîðèÿ ãðàâèòàöèè, îñíîâàííàÿ íà äåéñòâèè
Ãèëüáåðòà-Ýéíøòåéíà, íåîäíîðîäíà îòíîñèòåëüíî ïîíèæåíèÿ ðàçìåðíîñòè
ïðîñòðàíñòâà äî äâóõ. Ýòîò ôàêò, ñâÿçàííûé ñ îñîáåííîñòÿìè äâóìåðíîé
ãåîìåòðèè, äàë ìîòèâàöèþ èñêàòü äðóãóþ òåîðèþ äëÿ ãðàâèòàöèè, ÷òî
ïðèâåëî íàñ ê BF-òåîðèè, êîòîðàÿ ìîæåò ñòàòü íîâîé âîçìîæíîñòüþ äëÿ
áîëåå ãëóáîêîãî èçó÷åíèÿ òåîðèè ãðàâèòàöèè
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