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Ââåäåíèå

Ìîäåëè ñ íàðóøåíèåì Ëîðåíö-èíâàðèàíòíîñòè ïðåäñòàâëÿþò èíòåðåñ äëÿ ðàññìîòðåíèÿ ïî
íåñêîëüêèì ïðè÷èíàì [1]. Îíè ìîãóò áûòü èñïîëüçîâàíû äëÿ ïîñòðîåíèÿ òåîðèè êâàíòî-
âîé ãðàâèòàöèè è óñòðàíåíèÿ óëüòðàôèîëåòîâûõ ðàñõîäèìîñòåé â êâàíòîâîé òåîðèè ïîëÿ.
Îòêëîíåíèå îò ñòàíäàðòíîé êâàíòîâîé ýëåòðîäèíàìèêè ïàðàìåòðèçóåòñÿ ïîñðåäñòâîì ââå-
äåíèÿ ïàðàìåòðà Ëîðåíö-íàðóøåíèÿ ML. Çíà÷åíèÿ äàííîãî ïàðàìåòðà â íàñòîÿùèé ìîìåíò
îãðàíè÷åíî ïîðÿäêàìè 1012−1014 ÃýÂ ( [3], [4]). Ýôôåêòû Ëîðåíö-íàðóøåíèÿ äîëæíû ïðîÿâ-
ëÿòüñÿ ïðè âûñîêèõ çíà÷åíèÿõ ýíåðãèé, ïîòîìó äëÿ ïðîâåðêè òàêèõ ìîäåëåé èñïîëüçóþòñÿ
ýêñïåðèìåíòàëüíûå äàííûå àñòðîôèçè÷åñêèõ íàáëþäåíèé. Â äàííîé ðàáîòå áóäåò ïîñ÷èòàíî
ñå÷åíèå ïðîöåññà Êîìïòîíîâñêîãî ðàññåÿíèÿ äëÿ ýëåêòðîíîâ áîëüøèõ ýíåðãèé è îïðåäåëåíû
îãðàíè÷åíèÿ íà ìàñøòàá íàðóøåíèÿ Ëîðåíö-èíâàðèàíòíîñòè.
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Ãëàâà 1

Ìîäåëü áåç ëîðåíö íàðóøåíèÿ

1.1 Ìàòðè÷íûé ýëåìåíò

Ðàññìîòðèì ïðîöåññ êîìïòîíîâñêîãî ðàññåÿíèÿ. Ýòîìó ïðîöåññó ñîîòâåòñòâóåò äâå äèàãðàì-
ìû:

Ðèñ. 1.1: Êîìïòîíîâñêîå ðàññåÿíèå

Äëÿ äàëüíåéøèõ âû÷èñëåíèé çàïèøåì ìàòðè÷íûé ýëåìåíò äèàãðàìì èç ðèñ. 1.1.

M = −iu(pf ,me)(−ieγµ)
i(γ(pf − ki) +me)

(pf − ki)2 −m2
e

(−ieγν)u(pi,me)−

−iu(pf ,me)(−ieγµ)
i(γ(ki + pi) +me)

(ki + pi)2 −m2
e

(−ieγν)u(pi,me);

(1.1)
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Â ðåçóëüòàòå âû÷èñëåíèÿ êâàäðàòà ìîäóëÿ ìàòðè÷íîãî ýëåìåíòà M èìååì:

|M |2 = 4e4(
k2i ((ki, pf )− (ki, pi) + 3m2

e)− (ki, pf )(p
2
f − 2(ki, pi) +m2

e) + (m2
e − p2f )(ki, pi) +m2

ep
2
f +m4

e

(−2(ki, pf ) + k2i + p2f −m2
e)

2
+

+
k2i ((ki, pf )− (ki, pi) + 3m2

e) + (ki, pf )(2(ki, pi) + p2i −me2) + (p2i +me2)((ki, pi) +m2
e)

(2(ki, pi) + k2i + p2i −m2
e)

2
−

−
2(m2

e(−(ki, pf ) + (ki, pi) + p2f + p2i ) + k2i (−2(ki, pf ) + 2(ki, pi) +m2
e))

(2(ki, pf )− k2i − p2f +m2
e)(2(ki, pi) + k2i + p2i −me2)

)

(1.2)

1.2 Èìïóëüñû

Îïðåäåëèì èìïóëüñû ÷àñòèö òàêèì îáðàçîì, ÷òîáû ýëåêòðîí äî ðàññåÿíèÿ èìåë èìïóëüñ
îðèåíèðîâàííûé âäîëü îñè x. Òîãäà èìïóëüñû íà÷àëüíûõ è êîíå÷íûõ ñîñòîÿíèé çàïèøóòñÿ
ñëåäóþùèì îáðàçîì:

pii = (p, 0, 0), (1.3)

kii = (ω cos(θ), ω sin(θ), 0), (1.4)

pif =

(
p+ ω cos(θ)

2
(1 + x),

ω sin(θ)

2
(1 + x) + r cos(φ), r sin(φ)

)
, (1.5)

kif =

(
p+ ω cos(θ)

2
(1− x),

ω sin(θ)

2
(1− x)− r cos(φ),−r sin(φ)

)
; (1.6)

Ãäå pi, ki - íà÷àëüíûå èìïóëüñû ýëåêòðîíà è ôîòîíà, à pf , kf - êîíå÷íûå. Ïàðàìåòð x â
âûðàæåíèÿõ (1.5),(1.6) îïðåäåëÿåò ðàñïðåäåëåíèå íà÷àëüíîãî èìïóëüñà ýëåêòðîíà pi ìåæäó
ýëåêòðîíîì è ôîòîíîì. Ïðè x = 1 âñÿ ýíåðãèÿ ïîñëå ðàññåÿíèÿ äîñòà¼òñÿ ýëåêòðîíó.

Îïðåäåëèì íóëåâóþ êîìïîíåíòó èìïóëüñà ýëåêòðîíà. Ò.ê. ìû ðàññìàòðèâàåì ðåëÿòèâèñò-
ñêèé ñëó÷àé, òî p >> me. Ðàçëîæèâ ýíåðãèþ ýëåêòðîíà ïî me ìû ïîëó÷èì ÷òî:

p0i =
√
p2 +m2

e ≈ p+
m2
e

2p
(1.7)

Ðàñêëàäûâàÿ àíàëîãè÷íî p0f ïî ìàëîìó ïàðàìåòðó 1/p ïîëó÷èì:

p0f = (p+ ω cos(θ))
1 + x

2
+
ωr sin(θ) cos(φ)

p
+
r2 +m2

e

p(1 + x)
; (1.8)

Ãäå ìû ìîæåì ïðèíåáðå÷ü âòîðûì ñëàãàåìûì â ñèëó ìàëîñòè ω/p.

Àíàëîãè÷íî ïîëó÷àåì kf :

k0f = (p+ ω cos(θ))
1− x

2
+

r2

p(1− x)
. (1.9)

Çíàÿ íóëåâûå êîìïîíåíòû èìïóëüñîâ ìû òåïåðü ìîæåì ïîëó÷èòü ñêàëÿðíûå ïðîèçâåäåíèÿ
ôèãóðèðóþùèå â êâàäðàòå ìàòðè÷íîãî ýëåìåíòà (1.2):

(pi, ki) = pω

(
1− cos(θ) +

m2
e

2p2

)
, (1.10)

(pf , ki) = (1 + x)pω sin2

(
θ

2

)
− ωr cos(φ) sin(θ); (1.11)
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Ïîñëå ïîäñòàíîâêè ïîëó÷åííûõ ñêàëÿðíûõ ïðîèçâåäåíèé â êâàäðàò ìàòðè÷íîãî ýëåìåíòà ìû
ïîëó÷àåì åãî â ÿâíîì âèäå:

|M |2 = (e4(−4m2
ep

2r3ω2 sin3(θ) cos3(φ) + 8m4
ep

2r2 sin2(θ)(p+ ω) cos2(φ) +

+ 4p3 sin4

(
θ

2

)
(m4

e(2p
2(x− 1)2 + 2p(x2 − 2x− 3)ω + 3(x+ 1)ω2)−

−m2
eprω sin(θ) cos(φ)(16px+ 3(x2 + 2x+ 5)ω) + 12p2r2(x+ 1)ω2 sin2(θ) cos2(φ)) +

+ p sin2

(
θ

2

)
(4m2

ep
2r2ω sin2(θ) cos2(φ)(8p+ 3(x+ 1)ω)− 4m4

epr sin(θ) cos(φ)(4p2(x− 1) +

+ 4p(x− 1)ω + 3ω2) +m6
e(−8p2(x− 1)− 4p(x+ 1)ω + (x+ 1)ω2)−

− 16p3r3ω2 sin3(θ) cos3(φ)) +m6
er sin(θ)(8p2 + 4pω − ω2) cos(φ) +

+ 4p5ω sin6

(
θ

2

)
(m2

e(x+ 1)(8p(x− 1) + (x2 + 2x+ 13)ω)− 4pr(3x2 + 6x+ 7)ω sin(θ) cos(φ)) +

+ 2m8
ep+ 16p7(x3 + 3x2 + 7x+ 5)ω2 sin8

(
θ

2

)
))/(pω2(m2

e + 4p2 sin2

(
θ

2

)
)2(p(x+ 1) sin2

(
θ

2

)
−

− r sin(θ) cos(φ))2)

(1.12)

1.3 Ôàçîâûé îáú¼ì

Ôàçîâûé îáú¼ì îïðåäåëèì êàê:∫
dΠ =

∫
d3pf

(2π)32p0f

d3kf
(2π)32k0f

(2π)4δ4(pi + ki − pf − kf ) (1.13)

Ïðîèçâåä¼ì ïåðåõîä ê íîâûì ïåðåìåííûì èíòåãðèðîâàíèÿ (r,ϕ,x) è ñíèìåì èíòåãðàë ïî d3kf
äåëüòà-ôóíêöèåé:∫

dΠ =

∫
d3pf

16π2p0fk
0
f

δ0(p0i + k0i − p0f − k0f ) =

=

∫
dxdϕdr

32π2
δ0((1 + x)

(
ω(1− cos(θ))

p
+m2

e −
m2
e

1 + x

)
− r2)

(1.14)

1.4 Ñå÷åíèå

Äëÿ ïîëó÷åíèÿ ñå÷åíèÿ ðàññåÿíèÿ íàì íåîáõîäèìî ïðîèíòåãðèðîâàòü ìàòðè÷íûé ýëåìåíò
(1.12) ïî ïåðåìåííûì (r,ϕ,x). Â ÷èñëèòåëå |M |2 ñîäåðæàòñÿ ñëàãàåìûå ÿâëÿþùèåñÿ ïîëèíî-
ìîì òðåòüåé ñòåïåíè ïî cos(ϕ). Èíòåãðèðóÿ ïî îòäåëüíîñòè ýòè ñëàãàåìûå èìååì:∫ 2π

0

dϕ

(m2
e + 4p2 sin2(θ/2))2

=
2π csc4(θ/2)

(m2
e − 2p2 cos(θ) + 2p2)2

,∫ 2π

0

cos(ϕ)dϕ

(m2
e + 4p2 sin2(θ/2))2

= 0,∫ 2π

0

cos2(ϕ)dϕ

(m2
e + 4p2 sin2(θ/2))2

=
π csc4(θ/2)

(m2
e − 2p2 cos(θ) + 2p2)2

,∫ 2π

0

cos3(ϕ)dϕ

(m2
e + 4p2 sin2(θ/2))2

= 0.

(1.15)

Èñïîëüçóÿ (1.15) ïðè èíòåãðèðîâàíèè (1.12) ïî ϕ è r ïîëó÷àåì âûðàæåíèå äëÿ ñå÷åíèÿ
dσ

dx
:

dσ

dx
=
e4p(m2

epω sin2(θ/2)(8p+ ω(x+ 1)) + 2m4
e(p+ ω) + 4p3(x+ 1)ω2 sin4(θ/2))

4πω2(m2
e − 2p2 cos(θ) + 2p2)2

(1.16)
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×òîáû ïîëó÷èòü ïîëíîå ñå÷åíèå âûðàæåíèå (1.16) íåîáõîäèìî ïðîèíòåãðèðîâàòü ïî x. Èç
óñëîâèÿ r > 0 è âûðàæåíèÿ (1.14) ñëåäóåò ÷òî x äîëæåí óäîâëåòâîðÿòü óñëîâèþ

−m2
e(1− x)2/4 + ω(1− cos(θ))p(1− x2)/2 > 0

Â ðåçóëüòàòå ïîëó÷àåì ÷òî:

x ∈
[
m2
e − 4pω sin2(θ/2)

m2
e + 4pω sin2(θ/2)

, 1

]
.

Äëÿ ðàñ÷¼òà íèæíåé ãðàíèöû îáëàñòè èíòåãðèðîâàíèÿ ïî x èñïîëüçóåì ñëåäóþùèå çíà÷åíèÿ
ïàðàìåòðîâ:

p = 1015eV, ω = 10−1eV,me = 0.511× 106eV

, à θ = π - óãîë, ïðè êîòîðîì íèæíÿÿ ãðàíèöà èíòåãðèðîâàíèÿ ïðèíèìàåò íàèìåíüøåå çíà-
÷åíèå. Ïðîèíòåãðèðóåì (1.16) ïî ïîëó÷åííîé îáëàñòè:

σ =
e4p(m2

epω sin2(θ/2)(16p+ 2ω) +m4
e(4p+ 4ω) + 8p3ω2 sin4(θ/2))

4πω2(m2
e − 2p2 cos(θ) + 2p2)2

(1.17)
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Ãëàâà 2

Ìîäåëü ñ Ëîðåíö-íàðóøåíèåì

2.1 Ìîäèôèêàöèÿ ìîäåëè

Äëÿ òîãî ÷òîáû äîáàâèòü Ëîðåíö-íàðóøåíèå â ìîäåëü, ìîäèôèöèðóåì äèñïåðñèîííîå ñîîò-
íîøåíèå:

E2 = k2 ± k4

M2
L

, (2.1)

ãäå ML - ìàñøòàá Ëîðåíö-íàðóøåíèÿ. Ó÷èòûâàÿ, ÷òî k << ML ïîëó÷àåì, ÷òî:

E ' k ± k3

2M2
L

.

Ââåä¼ì ñîîòâåòñâóþùóþ ïîïðàâêó òîëüêî äëÿ ôîòîíîâ. Ñêàëÿðíîå ïðîèçâåäåíèå (1.9) ïîëó-
÷èò äîáàâêó:

k0f = (p+ ωcos(θ))
1− x

2
+

r2

p(1− x)
∓ p3(x− 1)3

16M2
L

. (2.2)

Ñóììà ïî ïîëÿðèçàöèÿì, ïîñëå ââåäåíèÿ Ëîðåíö-íàðóøåíèÿ, ïðèìåò ñëåäóþùèé âèä [5]∑
s=1,2

ε∗(s)µ (k)ε(s)ν (k) = −gµν ∓
k20
M2

L

uµuν , (2.3)

ãäå uµ = (1, 0, 0, 0).
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2.2 Ìàòðè÷íûé ýëåìåíò

Ó÷èòûâàÿ (2.2) è (2.3) ïðè âû÷èñëåíèè |M |2 ïîëó÷èì ñëåäóþùåå âûðàæåíèå äëÿ êâàäðàòà
ìàòðè÷íîãî ýëåìåíòà:

|M |2 = (e4(16p7(8M2
L + p2(x− 1)2)(x3 + 3x2 + 7x+ 5)ω2 sin8(θ/2) +

+ 4p5ω((x+ 1)(8(x− 1)2(x+ 1)(p(x− 1)− 2ω)p4 +m2
e(8(8p(x− 1) + (x2 + 2x+ 13)ω)M2

L +

+ p2(x− 1)2(x2 + 2x+ 13)ω))− 4pr(8M2
L + p2(x− 1)2)(3x2 + 6x+ 7)ω cos(ϕ) sin(θ)) sin6(θ/2) +

+ 4p3((8(2p2(x− 1)2 + 3(x+ 1)ω2 + 2p(x2 − 2x− 3)ω)M2
L + 3p2(x− 1)2(x+ 1)ω2)m4

e +

+ p4(x− 1)2(2p2(x+ 1)(x− 1)2 − 2(3x2 + 2x− 1)ω2 + p(5x3 + 5x2 + 3x− 13)ω)m2
e +

+ 12p2r2(8M2
L + p2(x− 1)2)(x+ 1)ω2 cos2(ϕ) sin2(θ)− prω(12(x− 1)3(x+ 1)p5 −

− 24(x− 1)2(x+ 1)ωp4 + 3m2
e(x

4 + 2x2 − 8x+ 5)ωp2 + 128m2
eMl2xp+

+ 24m2
eM

2
L(x2 + 2x+ 5)ω) cos(ϕ) sin(θ)) sin4(θ/2)− p((8M2

L(8(x− 1)p2 + 4(x+ 1)ωp− (x+ 1)ω2)−
− p2(x− 1)2(x+ 1)ω2)m6

e + p4(x− 1)2(8(x2 − 1)p2 + (−x3 + 3x2 + x+ 29)ωp+

+ 2(x2 − 2x− 3)ω2)m4
e + 4pr(4(x− 1)2((x2 − 1)p2 + (2x2 + x+ 1)ωp− 2xω2)p4 +

+m2
e(8(4(x− 1)p2 + 4(x− 1)ωp+ 3ω2)M2

L + 3p2(x− 1)2ω2)) cos(ϕ) sin(θ)m2
e +

+ 16p3r3(8M2
L + p2(x− 1)2)ω2 cos3(ϕ) sin3(θ)− 4p2r2ω(4(x− 1)2(p(x− 1)− 2ω)p4 +

+m2
e(8(8p+ 3(x+ 1)ω)M2

L + 3p2(x− 1)2(x+ 1)ω)) cos2(ϕ) sin2(θ)) sin2(θ/2) +m2
e(2p((x− 1)2(xp+

+ p− 2ω)p3 + 8m2
eM

2
L)m4

e + r((x− 1)2(8(x+ 1)p2 − (x2 − 4x+ 3)ωp+ 2(x− 3)ω2)p4 +

+m2
e(8M

2
L(8p2 + 4ωp− ω2)− p2(x− 1)2ω2)) cos(ϕ) sin(θ)m2

e − 4p2r3(8M2
L +

+ p2(x− 1)2)ω2 cos3(ϕ) sin3(θ) + 4p2r2((x− 1)2(2(x+ 1)p2 + (3xω + ω)p− 2ω2)p3 +

+ 16m2
eM

2
L(p+ ω)) cos2(ϕ) sin2(θ))))/(8M2

Lpω
2(m2

e + 4p2 sin2(θ/2))2(p(x+ 1) sin2(θ/2)−
− r cos(ϕ) sin(θ))2)

(2.4)

2.3 Ñå÷åíèå

×òîáû ïîëó÷èòü ñå÷åíèå ðàññåÿíèÿ ïðîèíòåãðèðóåì (2.4) ïî ϕ, r, x. Èíòåãðèðîâàíèå ïî ϕ, r
ñíèìåì àíàëîãè÷íî Ëîðåíö-èíâàðèàíòíîìó ñëó÷àþ, âîñïîëüçîâàâøèñü âûðàæåíèÿìè (1.15).
Äëÿ èíòåãðèðîâàíèÿ ïî x îïðåäåëèì ïðåäåëû, êàê è â ïðîøëûé ðàç, èç îðãàíè÷åíèÿ, íàêëà-
äûâàåìîãî äåëüòà ôóíêöèåé.

8m2
eM

2
L(x− 1) + p(x+ 1)(16M2

Lω + p3 ± (x− 1)3)− 16M2
Lp(x+ 1)ω cos(θ) > 0 (2.5)

Ïîëíîå âûðàæåíèå, ââèäó åãî ãðîìîçäêîñòè, ïðèâîäèòü íå áóäåì.

Ðèñ. 2.1: Çàâèñèìîñòü ñå÷åíèÿ îò ìàñøòàáà Ëîðåíö-íàðóøåíèÿ

ïðè p = 1014eV, ω = 10−1eV , â âûðàæåíèè (2.5) âçÿò çíàê ïëþñ.
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2.4 Ðåçóëüòàòû

Ðåçóëüòàò ïîëó÷åííûé äëÿ Ëîðåíö-èíâàðèàíòíîãî ñëó÷àÿ äåìîíñòðèðóåò ñîãëàñèå ñ ðàáîòà-
ìè äðóãèõ àâòîðîâ [7]. Ãðàôèêè áûëè ïîñòðîåíû ïðè ω = 10−1eV, p = 1014eV .

Ðèñ. 2.2: Ñðàâíåíèå
dσ

dx
ïîëó÷åííîãî â äàííîé ðàáîòå (ñèíÿÿ êðèâàÿ) ñ [7] (îðàíæåâàÿ êðèâàÿ).

Áûëî ïîëó÷åíî ñå÷åíèå
dσ

dx
êàê äëÿ Ëîðåíö-èíâàðèàíòíîãî ñëó÷àÿ, òàê è äëÿ ñëó÷àÿ ñ

Ëîðåíö-íàðóøåíèåì. Â ïðåäåëå ïðè ML → ∞, êàê è îæèäàëîñü, íàáëþäàåòñÿ ñòðåìëåíèå
dσ

dx
c Ëîðåíö-íàðóøåíèåì ê âûðàæåíèþ (1.16).

Ðèñ. 2.3: Çàâèñèìîñòü ñå÷åíèÿ
dσ

dx
îò x äëÿ ðàçëè÷íûõ ML ïðè ω = 10−1eV, p = 1014eV .

Ñèíÿÿ êðèâàÿ - Ëîðåíö-èíâàðèàíòíûé ñëó÷àé, çåë¼íàÿ - ËÍ ïðè ML = 1021.1eV , îðàíæåâàÿ
- ML = 1021eV
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Òàê-æå áûëà óñòàíîâëåíà çàâèñèìîñòü âèäà ñå÷åíèÿ îò çíàêà ïåðåä ÷ëåíîì Ëîðåíö-íàðóøåíèÿ:

Ðèñ. 2.4: Çàâèñèìîñòü âèäà êðèâîé ñå÷åíèÿ îò çíàêà ÷ëåíà ËÍ. ML = 1021eV, p = 1014eV, ω =
10−1eV . Ñèíÿÿ êðèâàÿ - ËÈ ñëó÷àé, çåë¼íàÿ - çíàê (+), îðàíæåâàÿ - (−)

Èññëåäîâàíà çàâèñèìîñòü ïîëíîãî ñå÷åíèÿ ðàññåÿíèÿ îò çíàêà ÷ëåíà Ëîðåíö-íàðóøåíèÿ. Ïðè
áîëüøèõ çíà÷åíèÿõ ML êðèâûå ñòðåìÿòñÿ ê îáùåìó ïðåäåëó.

Ðèñ. 2.5: Çàâèñèìîñòü âèäà êðèâîé ñå÷åíèÿ îò çíàêà ÷ëåíà ËÍ. p = 1014eV, ω = 10−1eV .
Ñèíÿÿ êðèâàÿ - (−),îðàíæåâàÿ - (+)

Èñõîäÿ èç âèäà êðèâûõ îæèäàåìîå çíà÷åíèå ïàðàìåòðà ML èìååò ïîðÿäîê ∼ 1012GeV .
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Çàêëþ÷åíèå

Â ðàáîòå áûëî ïîëó÷åíî àíàëèòè÷åñêîå âûðàæåíèå äëÿ ïîëíîãî ñå÷åíèÿ ïðîöåññà êîìïòî-
íîâñêîãî ðàññåÿíèÿ äëÿ ýëåêòðîíîâ âûñîêèõ ýíåðãèé â ðàìêàõ òåîðèè ñ íàðóøåííîé Ëîðåíö-
èíâàðèàíòíîñòüþ. Òàê æå áûëà èññëåäîâàíà çàâèñèìîñòü èòîãîâîãî ñå÷åíèÿ îò çíàêà äîáàâêè
Ëîðåíö-íàðóøåíèÿ. Ïîëó÷åííûå ðåçóëüòàòû ïîçâîëÿþò îöåíèâàòü ýíåðãåòè÷åñêèé ìàñøòàá
íàðóøåíèÿ Ëîðåíö-èíâàðèàíòíîñòè è ýíåðãåòè÷åñêèé ìàñøòàá êâàíòîâîé ãðàâèòàöèè.
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